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When your algorithm Is fast,
it Is enough to differentiate only the last iterate

Parametric iterative algorithm

{xO(H)EIR” F:R" x R™ — R"

ex: gradient descent,
a Newton method,

recurrent architectures

Ti11(0) = F((0),0) Recursive map 20 ) —{x0) Deep Equilibrium Network, etc.

Automatic differentiation

Input:
0 x40) € X, k> 0.
Eval:
with_gradient
fortr=1,...,kdo
z;(0) = F(x;_1(0),0)
Return: x, (0)
Differentiation: native autodiff on Eval.

full backprop

Linearly convergent algorithms

Implicit differentiation One-step differentiation

Input: Input: x5 € X, k > 0.
Ty € X, k> 0. Eval:
Eval: stop_gradient

stop_gradient forr=1,...,k— 1do
fori =1,...,kdo r, = F(x, {,0)

Return: z,. r,.(0)=F(x,_4,0)
Differentiation: Custom VJP / JVP. Return: x, (0)
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'/’U’L — F(sz_l, 9) Wlth_gradlent

Differentiation: native autodiff on Eval
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N custom derivative VR single step
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Superlinear algorithms

Ass. (Contract.). Let F': R x R™ — R"be C!, p € [0,1),and X C IR” oc. Ass. (Vanishing Jac.). Let [': R” x R™ — R" be C!, x,(0) converges

be nonempty convex closed, s.t., for any 6, Fj () C X and |.J,

J

<:

o < globally locally uniformly in 6 to the unique x(6), and J F'(x(0),0) = 0.

Proposition (Jacobian convergence). Let I satisfying (Vanishing Jac.). Then

x,.(0) — x(0) and the convergence is linear Iz, (0) — Jyz(0) as k — oo, and 2Pz () = Jyz(6).

Proposition. Let F'and X such that 0 — F'(x,0) is L Lipschitz and x +>
JoF' (x,0)is L ; Lipschitz for all x € R™. Then, forall 6 € R™,

| 72521.(0) — Jo2(0) ] op

Quadratically convergent algorithms o] — oremepan
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Proposition. Let I’ satisfying (Vanishing Jac.) such that x _—
Jiz.0)F(x,0) is L Lipschitz. Then, Newton's quackati

convergence of the
derivatives.

|7P21.(6) — Jpz(6)] o

Numerical illustrations

Interior point for QP Newton for logistic regression
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Left: timing experiment for differentiable quaadratic programs.

Right timing experiment for differentiation of Newton algorithm for logistic regression.

For Newton experiment, the one step estimator coincide with 1D estimator up to 107 error,
For the interior point experiment, it coincides with 1D estimator up to 10° error,
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Differentiation of gradient descent for solving weighted Ridge regression on cpusmal L,
Top line: condition number of 1000. Bottom line.: conadition number of 100,

[eft column. small leaming rate. Right column. big learming rate.
Dotted lInes. lack of optimalty of the iterates. Filled lines. lack of optimality of the Jacobians,

r.)

| 7°21,(0) — Jp2(0)]op < Lslxp 1 —2(0)].

Hypergradient descent for bilevel problems

m@in g(z(0))st.x(0) € argmin f(y,0) < m@in g(x(0))st.xz(0) = F(x(0),0)

(Hyper-)gradient descent using one-step estimator
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a2 (B (5 )+ ierh)

- g o x is lower bounded by g*.
Then setting € = 1= (Lpl, + (L 51, + Lplg)MpF=2), forall K,

| _ 2L((geox)(0y) —g")
5 2 2 0
l:g".'.f‘,K Hve(g x)(‘gl)” < €74 K -1 :




