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J convex, bounded from below and finite-valued function, typically
non-smooth.
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J+G
J, G partly smooth = < Jo D* with D linear operator  partly smooth
J oo (spectral lift)
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Low Complexity Models

Sparsity Group sparsity Low rank
Jx)= > I Jx) =D Il Jx)= ) loix)]
i=1,..,n beB i=1,...,n

My = {x": supp(x’) Csupp(x)} My = {x": rank(x") = rank(x)}
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dJ(x)={neR": VX', J(x) = J(x) = (n, x = x)}

ex Tx

8J(x)

Model tangent space T, = VectHull(dJ(x))*
Model vector e, = P, (0J(x))

If J partly smooth at x for M and M is linear, then Tyx = T

Sparsity | - |1 Trace Norm | - |

T« = {n: supp(n) C supp(x)} Tu={n: UinV, =0}
ex = sign(x) ex = Uv~*
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x* € Argmin J(x) subjectto y = ®x (Py.o)
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Source condition Non-degenerate source condition
d*p € 0J(x) d*p € ridJ(x)
0J(x)
P*p
®x = dxo There exists a dual certificate p if, and

only if, xp is a solution of (P, o).
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y=%®x +w
x* € Argmin flly x| + AJ(x) (P,.»)
xERN

Assume
®*p erid)(xp) and Kerdn T, ={0}.
Choosing A = c|w|2, ¢ > 0, for any minimizer x* of (P, ))
Ix* = xofl2 < C(c, p)wl2 -

[Grasmair et al. 2010]: ¢!
[Grasmair 2011]: J(x* — xo) = O(|w/|2)
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po = argmin |[p| subject to ®*p € 9J(xp)
Linearized precertificate

pr = argmin [p| subject to ®*p € aff dJ(x0) & (P*p) 7, = €x

Assume Ker® N T = {0} where T = T,,. Then,
pr=o7"e
where @1 = ®P+. Moreover,

PEEri aJ(Xo) = Pr =Po
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Manifold Selection

Assume J is partly smooth at xg relative to M. If
d*pr €rid)(xg) and Kerd N T, = {0}.
There exists C > 0 such that if
max(A, [w]/A) < C,
the unique solution x* of (P, )) satisfies
x*eM and |x*— x| = O(|w]).
Almost sharp analysis (*pr & 0J(x0) = x* & My,)

[Fuchs 2004]: ¢*
[Bach 2008]: ¢* — ¢2 and nuclear norm.
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Sparse Spike Deconvolution
Ox =Y xip(- — &) J(x) = x|x

® y
>
(DX() ~ Ay{\ X0

®*nE € ridJ(x) & |7, sign(x0,1)|e < 1 < stable recovery
I = supp(xo)

Im0,1¢ oo
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1D Total Variation and Jump Set

=|Vg: |1, Mx= {x supp(Vyx') C supp(V4x) } o =1d

Xi

Uk o

stable jump unstable jump

O*pr =divu
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x* € Argmin flly dx|? + MJ(x) (P,.2)
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If J is smooth, first-order conditions

O (dx* —y) + AVI(x*) =0

Implicit function theorem — If
M= ®*® + AD?J(x*)
is invertible, then on a neighborhood, there exists y — () (C*)

such that X(¥) solution of (Py »), %(y) = x* and
Dx(y) =T 'o*

Issues
1. What if J not differentiable ?
2. What if T is not invertible ?
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n= U va(nfoon s joremr -y e mdosa})

T€(Tx)xern

My: projection on the first component

If J is semi-algebraic, # is semi-algebraic and has zero measure
w.r.t Lebesgue measure on RY.

Semi-algebraic set: boolean combination of
polynomial equalities and inequalities
Semi-algebraic function: function with a
semi-algebraic graph

ex: polyhedral functions = # is a union of
subspaces
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Then, there exists, on a neighborhood O of y, a mapping X s.t.
1. For every y € O, X(y) is a solution of (Py ) and X(y) = x*.
2. The mapping % is C*(O) and
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There exists a solution x* of (P, ) s.t. Ker®éNKerD?J7(x*) = {0}
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1
x*(y) € Argmin =y — ®x[* + AJ(x)
XER" 2
Stochastic linear model
Y = oxp + W ~ N (dxg, 0%1d)
(Estimation) risk
R(A) = Ew [|x*(Y) — xol]

R(\)
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Stein’s Unbiased Risk Estimation

Prediction : p(y) = ®x*(y) (single-valued even if x* not)
(Empirial) Degrees of freedom [Efron 1986] : df (Y) = div(p)(Y)
Stein’s Unbiased Risk Estimator

SURE(u)(Y) =Y — u(Y)|? + 20°df (Y) — no?

— does not depend on the knowledge of xg

If u is Lipschitz, then

Ew[SURE(1)(Y)] = Ewl[|u(Y) — ®xof?]-

— must have div(p) in closed form Lebesgue-almost everywhere
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Practical Computation

If J is semi-algebraic, then

df (Y) =tr [®7(®5d 1 + AD? U7 (x*(Y))) 17| ae.
where T = T,« and x* a solution s.t. Ker ®NKer D2J7(x*) = {0} .
=1l = df(Y) = [supp(x*(Y))|

Projected GSURE: unbiased estimate of | P, (x*(Y) — x0)[?



An Application to Tomography

® sub-sampled Radon
transform (16)
J=1|Va-l|s

Risk
— - - Projection risk
____GSURE,,.

X Exh. search iterates|
X Exh. search final

XO i X;*



Summary

Partial smoothness: encodes models using singularities

—
Performance Parameter selection
® ¢2 error ® local behavior
® model stability @ unbiased risk estimation

— Sensitivity analysis
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m]th *Ily ®x|? + AJ(x) subjectto x>0
E n

Non-convexity: Fidelity and regularization, dictionary learning

1
mi E Z|ly — ®Dx|? +
. nl’n ep 2 > ly Xk | <+ AJ(xk)

Infinite dimensional problems: partial smoothness for BV, Besov

min Vf + \|Df
il = WPl + ADF(®)

Compressed sensing: Optimal bounds for partly smooth regularizers
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