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Optimization problem

inff(x) subjectto xe€ Q,

- Domain O C X.
- Optimization variable x.
- Cost (or objective, energy, loss) function f : O — R.

Existence? Uniqueness? Algorithm?
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Example: Toy examples




Example: Risk minimization

- Joint distribution P on input x € X, outputy € ).
- Loss function £: Y x Y — R (eg, #-norm £(y,y") = (v — y)?).

Statistical (or expected) risk

¢:;?iy R(¢) = Egy)~pl(y; o(x))]-

: (Measurable) functions from inputs X to outputs Y.
- Variable: prediction function ¢ : X — Y.
- Cost: expected statistical risk R.

Check your statistical learning 101 class!



Example: Empirical Risk minimization

- Loss function £: Y x Y — R (eg, >-norm £(y,y') = (y — y)?).

Empirical risk minimization (ERM)

: (Measurable) functions from inputs X to outputs Y.
- Variable: prediction function ¢ : X — ).
- Cost: expected risk RR.
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Example: Portfolio optimization IJ ) il

"l
- Assets with returns a = (aq,...,a,) € R". ‘ y

expected returns g = (p1, - - -, ftn)- B —
- Risk in/between (covariance matrix positive definite) ¥ € R"<",

Portfolio with minimal variance

. def. ] X X
inf f(x) = (XX, x) subjectto
XERN X

: Portfolio with expected return p
- Variable: Portfolio x € R"
- Cost: Variance of the portfolio (Xx, x)



Example: Optimal transport

- Probability measures . on X and v on V.

- Cost functionc: X x Y — R. G. Monge (1746-1818

Optimal transport (Monge formulation)

inf f(T)—/Xc(x,T(x))dy(x) subjectto T

T:X—=Y

: Set of admissible transport map Typ = v.
- Variable: Transport map T.
- Cost: Cost of transport from p to v.
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