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Convex L-smooth function

Proposition
Let f : Rd → R be a convex L-smooth function. For any initial guess x(0), the GD
iterates x(t) with step-size η(t) = η ∈ (0, 2L) converge towards an optimal point x

?

of f , and moreover

f (x(t))− f ? ≤ 2(f (x0)− f ?)||x(0) − x?||2

tη(2− Lη)(f (x0)− f ?) + 2||x(0) − x?||2
.

Moreover, if η = 1
L , then

f (x(t))− f ? ≤ 2L||x(0) − x?||2

t + 4
.

Proof based on the co-coercivity of the gradient. 2



Co-coercivity of ∇f

This result is sometimes coined Baillon–Haddad theorem.

Proposition
Let f be a full-domain convex L-smooth function. Then, ∇f is 1/L-co-coercive,
i.e.,

∀x, y ∈ Rn, 〈∇f (x)−∇f (y), x − y〉 ≥ 1
L
‖∇f (x)−∇f (y)‖2.
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