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Gradient descent: oracle step-size

Gradient Descent algorithm

Require: Initialization x(0) ∈ Rd,
step-size policy η(t) > 0.

1: for t = 1, · · · do

x(t+1) = x(t) − η(t)∇f (x(t)) (GD)

• Constant step-size η(t) = η

• Predetermined function η(t) = f (t)
• “Oracle”
• Backtracking

Oracle step-size ≡ best choice

η(t) = argmin
η≥0

f (x(t) − η∇f (x(t)))︸ ︷︷ ︸
def.
= φ(η)

.
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Convergence of GD for coercive C1 functions

Proposition
Let f : Rd → R be a coercive function and assume moreover that it is
continuously differentiable. For any initial guess x(0), the oracle GD iterates x(t)

converge up to a subsequence towards a critical point of f .

Remarks:

• no rate!
• If f has a unique critical point, then GD converges towards it (exercice).

Proof idea

1. The value sequence is (strictly)decreasing (unless it reaches a critical point).
2. The iterates sequence is converging (up to a subsequence).
3. The limit of the iterates sequence is a critical point. 3


