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GD on OLS: Ordinary Least Squares

Letn,m>1AcR"™ andy € R".

Ordinary Least Squares (OLS)
1
& i = —||Ax — v 2. 1
X" € arg min f(x) = o [|AX - v (1)

Gradient
1 T
Vi(x) = —AT(Ax—y) € R,

Hessian matrix (constany — Ccovariance matrix

1
V(X)) =H= EATA € RP*P,

First order condition: Hx* = ATy



GD on OLS: Convergence in value and in iterates

Gradient descent (oLs) arg minyepe f(X) = 3= [1Ax — y|I3
Gradient Vf(x) = 1AT(Ax —y) € RP
(t+1) _ (1) _ () Hessian matrix ~ V2f(x) = H = 1ATA € RPXP
4 =2 T]Vf(X ) Minimizers Hxr = 1ATy !

Convergence in norms of the iterates. Distance to a minimizer:
r® = |x®) —x*| <e
Convergence in value. Infimum value f* = infyegn f(X)

) =f(x) —f* <e



GD on OLS: Explicit expression

Gradient descent (oLs) arg minyepe f(X) = 35 1AX — |2
Gradient Vf(x) = 1AT(Ax —y) € RP
(t+1) _ (1) _ () Hessian matrix ~ V2f(x) = H= 1ATA e RPXP
4 =2 nVF(x) Minimizers Hxr = 1ATy
Proposition

Forallt € N, we have

x® — x* = (1 = gH) (xO) — x*). (2)

Proof idea: show that x(1) — x* = (I — nH)(x(t=) — x*)



GD on OLS: Geometrical insight

wu smallest eigenvalue of H, L biggest eigenvalue of H = %ATA, 0<u<lL
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GD on OLS: Geometrical insight
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GD on OLS: Convergence in norm

Closed-form expression (oLs) arg minycpp f(X) = 55 [1Ax = y|I3
Gradient Vf(x) = 2AT(Ax—y) € RP
() * _ B tr (0)  * Hessian matrix ~ V2f(x) = H = 1ATA € RPXP
5 = (Id UH) (X 4 ) Minimizers Hxr = 1ATy !

Distance to a minimizer

IXO =54 = (X0 —x*, (1d —pH)? (x() — x*))
Eigenvalues of (Id —nH)?*

cigen(ld —nH)*t = {(1- % xe cigen(H)}

I} (using the fact A € [u, L])

2t
p € eigen(ld —nH)* = |p| < ( max |1 — 17)\|>
AE[w,L]



GD on OLS: Convergence in norm

Closed-form expression (oLs) arg minycpp f(X) = 55 [1Ax = y|I3
Gradient Vf(x) = 2AT(Ax—y) € RP
() * _ B tr (0)  * Hessian matrix ~ V2f(x) = H = 1ATA € RPXP
5 = (Id UH) (X 4 ) Minimizers Hxr = 1ATy !

Upper bounds for the distance to a minimizer

X = x*? = (O = x*, (1d =nH)* (D = x*))

+
2t
p € eigen(ld —nH)* = |p| < < max_ |1 — 77)“)
AE[p,L]
U (spectral bound)
2t
Ix® —x*|? < ( max |1 — 77)“> X — x* 5.
AE[p,L]



GD on OLS: Convergence in norm

Closed-form expression (oLs) arg minycpp f(X) = 55 [1Ax = y|I3
Gradient Vf(x) = 2AT(Ax—y) € RP
() * _ B tr (0)  * Hessian matrix ~ V2f(x) = H = 1ATA € RPXP
5 = (Id UH) (X 4 ) Minimizers Hxr = 1ATy !

Upper bounds for the distance to a minimizer

X = x*? = (O = x*, (1d =nH)* (D = x*))

+
2t
p € eigen(ld —nH)* = |p| < < max_ |1 — 77)“)
AE[p,L]
U (spectral bound)
2t
Ix® —x*|? < ( max |1 — 77)“> X — x* 5.
AE[p,L]

What if = 07?



GD on OLS: Convergence in norm

&H is non-invertible.

Eigenvector v associated to u =0
dveRP, (I—nH)v=v

Choose x* @ minimizer
Initialization x(©) = v 4+ x*.
X — x*||?
=(v 4 x* = x*, (I = nH)® (v + x* — x*))
=(v, (I = nH)*v)
=|Ivl3




GD on OLS: Convergence in norm

)t

IXO — x*|12 < < max_|1 ///\> X — x* 3.
,\f[//.L]

Optimal step-size: solving

rk—1

€ (0,1)

2
min max [T—nA\| = n*=—— and max [T—n*\| =
n>0 Ae[p,L] u +L Ae[pL] K=+

max{|1—nL|[, [T —nul}

|1 — nul

—~l=
=

+

=

=



GD on OLS: Convergence in norm

)

IXO — x*|12 < < max_|1 ///\> X — x* 3.
,\f[//.L]

Choice independant from u: 7 = 1/L

_ " 1
T—fA=1-C=1—-¢€(0,1
A?[ifi]‘ Al 7 - €(0,7)



GD on OLS: Convergence in norm

Proposition

Assume that miny |Ax — b|? has a unique minimizer x*. Then, the gradient
descent iterates x( with constant step-size n() = n = 7 (resp. n = 1)
converges in norm

X =52 < H® = x P,
1 1
where ¢ = 5= (resp. c =1— ..

A Linear = Exponential = Geometric!

Characteristic time (case n = 1/L)

(-3 == (-5)
== <exp|——
K K
10



GD on OLS: Convergence in value

£(x) = JAx — b|?

Proposition

Let x* any solution of miny f(x). The gradient descent iterates x( with constant
step-size n® =y = % converges with a sublinear O(1/t) rate

X —x*|3.

N
FO) —f(x*) < pr

If moreover, the solution is unique, the convergence is linear:

2t
f@m)—ﬂﬂ)§<1—1> (FC®) - F().

K

"



GD on OLS: Summary

Closed-form expression (oLs) arg minycpp f(X) = 55 [1Ax = y|I3
Gradient Vf(x) = 1AT(Ax —y) € RP
() * _ B tr (0)  * Hessian matrix ~ V2f(x) = H = 1ATA € RPXP
5 = (Id UH) (X 4 ) Minimizers Hxr = 1ATy !

Caseu=0<H singular‘

- Norm no convergence
+ Value f(xV) — f(x*) < 7 [x(© — x*|3

Caseu>0<H invertible‘

- Norm |x(® — x*|2 < c2x(©) — x*|)2

- Value f(x(®) — f(x*) < (1— 1) (F(x) — f(x*))

12



GD on OLS: Puzzle

Ordinary Least Squares (OLS)

) 1 5
arngEIIRr;f(X) = %HAX -yl

Gaussian measurements

Aj ~ N(0,1),b =1

Gradient descent (constant LR)

X(t+1) — X(t) _ T]Vf(X(t))

Learning rate

77:[
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=g .
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GD on OLS: Puzzle

Ordinary Least Squares (OLS) \
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GD on OLS

- Can we do better than linear convergence for strongly convex problems?
better than sublinear for convex problems?

Yes. Conjugate gradient and Nesterov accceleration (later in this course)
- Can we say something about nonquadratic problems? nonconvex problems?

Yes. Convex problems enjoy a similar theory. Nonconvex problems have guarantees
with respect to local minima.

- Can we prove lower bounds in contrast to upper bound?
Yes. We are going to show that O(1/t?) is a lower bound for the convex world.



