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Suppose that you want to solve the problem
min xT),
z€[—1,1]4 f( )

and you want to achieve a e-precision on the objective function f, i.e., you
want to obtain an estimate & € R? of 2* = 0 such that ||Z —2*|| < e. Since f


https://samuelvaiter.com

is continuous, you cannot have access to all values f(x) when x describes the
constraints [—1, 1], but you can allow yourself multiples calls to the “oracle”
f(z) in order to achieve this precision.
A naive way to do so is to consider a discretization of [—1, 1] of precision
€, that is
Go = {he | ke =L, [},

and G¢ = G x - - - x G, its counterpart in dimension d. It is easy to see that
taking # the minimizers of f over G¢ satisfies the property ||# — 2*|| < Le
as soon as f is L-Lipchitz. So what’s the deal?

The issue is that the size of G¢ grows exponentially fast with the dimen-
sion d. In dimension 1, one needs to perform 2|e~!| evaluations of f, but
in dimension d, one needs 2[e~'|?! This quantity gets prohibilitively large
in a too fast manner: say you look at a very modest precision of € = 1072,
then in dimension d = 1, only 200 computations of f are needed, whereas
in dimension d = 10, you already need 200000000000000000000 evaluations
(that’s 20 zeros).

This is known as the curse of dimensionality, a term introduced by (Bell-
man, Richard E., 1961) [Chapter V| for optimal control and (over)used
since then in the optimization, statistics and machine learning communi-
ties (Donoho, David L, 2000). Summary: we need to be (slightly) more
clever.

1 Descent direction

Consider the class of algorithms of the form

how to “optimaly choose” the direction u(*1) such that 21 is closer to a
minimum of f7?

Definition 1. Let f : R — R. A descent direction u € R? of f at x € R?
is vector such that

Je > 0,Yn € (0,¢), f(x+nu) < f(z).

Observe that if f is differentiable, this property is equivalent to (V f(z), u) <
0. The negative gradient —V f(Z) is the direction of steepest descent at the
point Z.



Figure 1: Descent cone.



Proposition 1. Let f : R — R be a differentiable function at & € R%.
Then, the problem

has a unique solution u* = —

Proof. Let u € R? such that ||u|| = 1. Consider the function ¢, : R — R
defined by

¢u(t) = f(j + 77“)-

The function ¢ is differentiable at 0 and its derivative reads ¢,,(0) = (V f(Z), u).
Denoting € the angle between V f(Z) and u, we have that ¢,(0) = |V f(Z)]| cos 6.
Hence, minimizing (V f(Z),u) is equivalent to finding the minimum of cos 6,
that is @ = (2k 4+ 1)x for some k € Z. Thus, we have

Vi)

U*:—W and  (Vf(z),u) = —|Vf(@)].

2 The gradient descent (GD) algorithm

Proposition [I| gives birth to what is known as the gradient descent algorithm
or gradient descent method.
Require: Initialization z(°) € R, step-size policy n® > 0.

fort=1,--- do

2D 2 O f(2®)
end for
The choice of the step-sizes n(k) is crucial, and there is several way to do

it.

e Predetermined. In this case, the sequence (n(t)) is chosen beforehand,
either with a constant step size n(t) = 5 € R or with a given function
of t, V) = g(t), e.g., g(t) = n(k + 1)~'/2 for some n > 0. For some
classes of optimization problem, it is possible to provide guarantees
depending on the choice of g.

e Oracle. This is the “optimal” descent that a gradient descent method
can produce, defined by



prncte = argmin f (2 =V f(a)).
n>0

Toracle

Remark that this choice is only theoretical since it involves a new optimiza-
tion problem that may be nonsolvable in closed form.

e Backtracking rule. Another time. ..

3 Rates of convegence

3.1 Means of convergence
In optimization, we consider several types of (worst-case) convergences:
o (Convergence in norms of the iterates.

Assuming that there exists a minimizer x*, the convergence in norms (for a
given norm, typically the Euclidean one) looks at an e-solution in the sense

of
r® = |z — 2| <.

Note that there may be several minimizers, but we only consider one given
minimzier.

e (Convergence to the set of minimizers.
Here, we look at the distance to any minimizer:
r® = d(z® 8) = inf ||z —2*| <,
*eS
where S is the set of minimizer.
e Convergence in value (0-order).

Assuming that the infimum of the problem is given by f* = infycqoms f(2),
an e-solution is given by

=) - <e
and assuming z* is a solution, this is the quantity r®) = f(z®) — f(z*).
e [First-order convergence.
If f is differentiable, one can looks at the gradient of the iterates as
r = Vi) <e

The idea is to use the first-order condition, and say that the more V f (x(t)),
the closer we are from a critical point of f if f is nonconvex, and closer from
a global minima if f is convex.



3.2 Rates versus complexity

To be more precise, we consider R-rate below, there is an alternative defini-
tion (Q-convergence).

o Sublinear rates.

We say that r® enjoys a sublinear rate if it has an upper bound written
as a power function of ¢, i.e. r!) < ¢t=® where ¢ > 0 and a > 0. Typical
examples are stochastic gradient descent enjoying a O(1/+/t) rate for convex
functions or the gradient descent enjoying a O(1/t) rate for convex L-smooth
functions. In term of complexity, if r® enjoys a ¢t~ rate, its complexity
bound is (%)1/ @. For instance, the SGD for convex functions has complexity

O((£)?).
e Linear rates.

We say that () enjoys a linear rate if it has an upper bound written as an
exponential function of ¢, i.e. r® < e~ for ¢ > 0 and ¢ € (0,1]. Note that
typically, we don’t obtain directly the exponential function in proofs, but an
even more precise one: r(f) < c(1 — q)t that is directly bounded by ce™%'. In
term of complexity, we have the bound %(log ¢+ log %)

e (QQuadratic rates.

We say that r(®) enjoys a quadratic rate if it has an upper bound written as
P < c(r(t))Q

for ¢ > 0. In terms of complexity, we have the bound log log %: each iteration
doubles the precision of the estimate! Note that quadratic rates are a special
case of a wider class known as superlinear convergence.

4 Explicit analysis of the gradient descent: ordi-
nary least-squares
This part is heavily inspired from (Bach, Francis, 2021, chapter V). Let

n,p > 1, A € R"P and y € R™. The least-square estimator is defined by
the problem

. 1 )
arg min f(z) = o[l Az — yll3- (1)



The objective f is twice differentiable, its gradient reads
LT
Vi(x) = ~AT(Az - y) € R,
n
and its Hessian is constant on the whole space:
1
Vif(z)=H = -ATA e RP*P.
n

Note that there is at least one minimizer to the problem . The first-
order condition for a potential minimizer x* is given by

1
Hx* = ﬁATy.

A necessary, and sufficient condition, to have exactly one minimizer is that
H is invertible.

The following lemma shows that, providing the knowledge of H, the
$t$-iterates of the gradient descent with fixed step-size is computable in
closed-form.

Lemma 1. For allt € N, we have
2 — o = (I —nH) (2© — 2%). (2)
Proof. Using the expression of the gradient, we have for any minimizer z*

2D Z 20 AT (450 _ )
n

=2 — nH(=® — 2%).
Substracting #* from both side gives
) — g = (I — pH) (2 — 2%).
This identity is linear recursion, and unrolling it leads to the result. O

4.1 Convergence in norm

We denote by i the smallest eigenvalue of H, L its largest, and we let k = %

its condition number. We have 0 <y < L and sk > 1.
Using , we have

2@ — 2*(? = (2 — 2, (1 = nH)* (2 —2*)).



Remark that the eigenvalues of (I —nH)? are exactly given by (1 —n\)?
where A is an eigenvalue of H. Since all eigenvalues of H are contained in
[, L], one also can bound any p € eigen((I —nH)*) by

2t
< 1—nA .
o= (g =)

Suppose that there is multiple minimizers. In this case, H is not invertible
and the smallest eigenvalue p is equal to 0. Hence, there exists v such that
(I —nH)v = v. Choose z* a minimizer. Using 2(°) = v + 2*, we have

20 —2*|? = (v+a* —a*, (I —nH)* (v+a* —2%)) = (v, (I —nH)*v) = ||o]3.

Hence, the method is not necessarly convergent, depending on the initializa-
tion.

The situation is different when we assume that there is a unique mini-
mizer.

Proposition 2. Assume that has a unique minimizer x*. Then, the
gradient descent iterates 1) with constant step-size n® = n = MJ%L converges
linearly in norm

w1\ 2
Iz —a*)? < 2@ — ¥ 2.
k41
Proof. Since there is a unique minimizer z*, we have y > 0. Observe that
(using a spectral norm bound)

2t
(@ —a* (I = nH)*(2® - 2*)) < (Amax = 77M> |2 — 275,
€ln,L]

Observe that maxye, ) |1 — nA| is minimized for n = and value is

% € (0,1). Indeed,

2
ptLo
max |1 —nA| = max (|1 —npul, |1 —nL|).
A€lp, L]

Hence,

min max |1 —nA| = minmax (|1 — |1 —nLl).
min max 1 —nA| = mipmax ([1 =], |1 = nL])

Moreover, we have the following set of equivalence
[1—nL[ < [1 -yl
(1—nL)* < (1—np)?
nL? — 2L < nu’ — 2u
2

< —
U*L+u



This minima is achieved when the two curve [1—nL| and |1—nu| intersect. [

Choice independant from the strong-convexity constant u: It is
possible to chose a smaller stepsize (hence slower) by taking the suboptimal
value n = 1/L. In this case, we get

n 1

1—-n\=1—-=-=1-——.
e [ = L P

In both cases, we obtained a linear (or geometric, or exponential depend-
ing on the community) rate

20 — a2 < Ha® - 27|,
where ¢ = :—ﬁ orc=1-— % depending on the choice of the step-size.

It is possible to also speaks in term of iteration complexity. Assuming
the choice of n = 1/L, observe that

(1 - th < exp(—%)% = exp(——).

Thus, to obtain a fraction e||z(®) —z*||2 it is necessary to perform t iterations

defined by
2t

(——) et g L
€ = exp(—— = —log —.
P K 2 & €
4.2 Convergence in value

As we say, if u = 0, one cannot establish the convergence of the iterates.
But the story is different for the convergence in value.

Proposition 3. Let z* any solution of . The gradient descent iterates

&) with constant step-size nY) =y = % converges with a O(1/t) rate

1
)y _ *) < 0) _ ,.*2
fla®) = ") < 3o - 2*]B

If moreover, has a unique solution, the convergence is linear:

2t
f@@%—ﬂﬂ)§<1—1> (@0 — F(a*)).

K



Proof. Observe that f has an exact Taylor expansion of order 2. Indeed,
for any z € RP and any minimizer x*:

1

f(x) = f(@*) =(Vf(z"),z —z") + §<x — ", H(z — 2%))
1
2

= 2z — 2", H(z — z¥)).
Using the (exact) Taylor expansion (3)) of f, we have
Fa®) ~ fa*) = S — o, H@® — )
Using , we have
Fa®) — F(a*) = ST —nH) @O — a%), H(T —gH)' @ — 2%)).

Since (I — nH) is symmetric, we have

F@) — fa) = 5{e® — o, (1= ) H(a® — ).

Using the fact that for a symmetric matrix, we have (Au,v) < ||A||sp(u, v),
we have

F®) ~ @) < (T =B | 5@ — o, HE® — o).
Using again , we have

F@W) = f@*) < (1 =nH)* || (f () = f(a*)).

Case p > 0. Now, we have according to the previous section, the follow-
ing linear rate.

2t
f@m%—ﬂﬂ)§<1—1> (F9) - ().

K

Case 1 = 0. Let’s study the eigenvalues of [gradienty  -1] (I —nH)* H.

10



. . 1

We keep our analysis restricted to n < +.
AL = n2)*| < Xexp(—nA)*
= Aexp(—2tn)\)

1
= thn)\ exp(—2tn\) insert the term 2tn
n

1
< —sup pexp(—p) crude bound
2t’l’] p>0
1
= — maximum at p =1
2etn
1

dtr)
Hence, we obtain the claimed O(1/t) rate. O

IN

e > 2.

[eradient y ent-1]: Note the presence of H after (I —nH)?.

5 Convergence of gradient descent for nonconvex
functions

Unfortunately, not every functions are quadratic, and we need to deep diver
in the analysis of the gradient descent algorithm to understand its behavior
on generic function. We are going to explore several class of functions that
leads to different rates, either in norm or in objective values. We start
with some “weak” results on function with limited regularity and without
convexity assumptions.

5.1 Coercive continuously differentiable function

The following proposition show a very weak result without any quantification
of the rate of convergence of gradient descent.

Proposition 4. Convergence of GD for coercive C' functions

Let f : RY = R be a coercive function and assume moreover that it is
continuously differentiable. For any initial guess (0, the oracle GD iterates
W converge up to a subsequence towards a critical point of f.

Proof. Step 1. The value sequence is (strictly) decreasing (unless it

reaches a critical point). We recall that the oracle GD chose the step-size
(t)

n\") as

n® = arg min oD (n) == fa® -V (1))

11



Hence, evaluating ¢() at n®) and 0 leads to

f@ ) = 60 (") <61(0) = F().

Suppose that f(z(*1) = f(z®). Thus, 0 is a minimizer of ¢(*) and therefore
its first-order condition reads %gb(t)(O) = 0. Given n > 0, we have

j7¢<f> (n) = (~VF(aD), V(D — ¥ f(z0))).

Evaluating this expression at 7 = 0 gives us —(Vf(z®), Vf(z®)) = 0,
hence Vf(z(®)) = 0 that means z(*) is a critical point.

Step 2. The iterates sequence is converging (up to a subse-
quence). Consider the set S = {z € R? | f(z) < f(z(®)}. Remark that:

e S is defined by an inequality <, thus S is closed;

e f is coercive, thus S is bounded.

Hence, S is compact. Observe that for all ¢ > 0, z®) € S. Using
Bolzano Weierstrass theorem, we get that the sequence (z(!)) has a conver-
gent subsequence towards some x*. Let us denote it by (x(w(t)))tzo where
1 : N — N is increasing.

Step 3. The limit of the iterates sequence is a critical point.
Suppose that x* is not a critical point. Using Step 1, we now that x**
defined as z** = z* — n*V f(z*) # x*, where n* > 0 is the oracle step, is
such that f(z**) < f(z*). Consider the sequence y) = z(¥(®) converging
to z*. Remark that, using the continuity of the map z — z —n*V f(z) for a
contiously differentiable function f, we have

lim (4 =y Vi) =a® =0 Vf() =™ (3)

k——+o00
By definition of ¢, we also have for all ¢ > 0 that
¢V () = oW (") > f(a¥).

Hence,
FG = Vi) > fa*)

Using (3)), we get that f(2**) > f(z*), that is a contradiction. In conclusion,
z* is a critical point. O

12



Remark that if in addition f has a unique critical point, i.e., a unique
global minimizer, then z(!) converges to this global minimizer.

Corollary 1. Let f : RY — R be a coercive, continuously differentiable
function with a unique global minimizer x*. For any initial guess (9, the
oracle GD iterates =) converge towards x*

5.2 Reminders on L-smooth functions

Recall that a (full-domain) differentiable function f : R™ — R is said to be
L-smooth if Vf is L-Lipschitz. L-smoothness is important in optimization
because it ensures a quadratic upper bound of the function.

Proposition 5. Let f a L-smooth function. Then, for all x,y € R",

(Vf(z) = Vf(y)z—y) < L|z -yl (4)

Moreover, 18 equivalent to
L 2 n
fly) < f@) +(Vf(@)y —2)+ S llz =yl Yo,y eR™ (5)

5.3 Smooth function bounded from below

The previous result was rather weak. Consider now a function f : R — R
that is L-smooth, but not necessarly convex. In addition, we suppose that f
has full domain and is bounded from below on R?. The following proposition
gives a O(1/+/T) rate for the 1st-order optimality using a constant step-size.
A similar proof is doable for the oracle or the backtracking gradient descent.

Proposition 6. Convergence of GD for L-smooth functions

Let f : R* = R be a L-smooth function, bounded from below by f € R.
For any initial guess ©(©), the GD iterates =) with step-size n® = n < %
converge towards a critical point of f, and moreover

(o727 - )",

1
] O <
i, V7)) < <——
where w = 2a(1 — @) and n = 2.

Proof. From Nesterov p.29

13



Step 1. Bound on one step of gradient descent. For z € R%, let
y =x —nV f(x). Using Proposition |5, we have that

F) < @)+ (V1@)y —2) + 5 lly —
= (@) + (V@) 1V @) + 2 [V )
= 1@) =l I@)IE + ZE v )
= (&)~ (1~ DIV S

To ensure that f(y) < f(z), we need to require that n(1 — %) > 0 that is
n < % We can parameterize n as n = 270‘ with a € [0,1). Hence, we get the
descent 2a(1 )

ol -«
f@) = fly) > ———IVf(=)|* (6)

Step 2. Convergence of 1st-order optimality. Applying @ to
z=2® and y = 2D we get that
2a(1 — )

fa®) = f@®D) 2 ==V (=)|* (7)

Summing inequality @ ) for t =0...T, we obtain

Zf () Z IV (M),

Observing that the r.h.s. telescopes, we have

2a(

ZHW D)2 < f@) = @) < f@O) - F,  (8)

t=0

by definition of f. Since is true for all T € N, we get Vf (a:(t)) converges
towards 0.

Step 3. Rate of convergence. Using the fact that for all t =0...T,
we have |V f(2®)| < ming<;<7 |Vf(2®)]], we have from (§) that

2a(1 — )
L

Hence, the claimed result. O

(T+1) min [Vf@@)]* < f=) - f.

Note that we cannot say anything in this context about the rate of con-
vergence of f(z®) or (z(®)! One can show that = L is the optimal rate
with respect to the bound in @

14



6 Convergence of gradient descent for convex func-
tions

6.1 Co-coercivity of the gradient of a convex L-smooth func-
tion

Convex L-smooth functions are co-coercive. This result is sometimes coined
Baillon-Haddad theorem [@baillon1977quelquesproprietes|, but one shall note
that the original contributionis much more general than its application to
the gradient.

Proposition 7. Let f be a full-domain convexr L-smooth function. Then,
V f is 1/L-co-coercive, i.e.,

Vey €RY, (V) = V@) -) 2 7 IVI@) - VI

6.2 Convex L-smooth function

When f is supposed to be convex, we can have a rate of convergence in
objective values.

Proposition 8. Rate of GD for convex L-smooth functions

Let f : R* — R be a convexr L-smooth function. For any initial quess
2O the GD iterates =) with step-size n't) = n € (0, %) converge towards
an optimal point x* of f, and moreover

Oy _ px 2(f(2°) = f) )|z — 2|2
He) =1 < e L (F(a%) = ) + 220 — o[

Moreover, if n = %, then

2L||x(0) — ac*||2
By _ 7+ <
o) - g < 2

Proof. From Nesterov p.80
Let 2* a minimizer of f. We consider r®) = ||z() — 2*|| the lack of
optimality [[] We have
() = 20 — o — v )
= (r)? —2p(V f(2V), 2 — &%) + 7|V f (1))

INote that we do not assume that z*) converges towards this specific z*.

15



Using the co-coercivity of the gradient (Proposition , we have that

(VD) = Vi), 2O - 2%) > LV i) - V)2
N—_—— L N—_——

=0 =0
Thus,
2
(rD? < ()2 (L = IV )P

In particular, we get that r(®) < ) for all ¢ > 0.
Using the smoothness of f, Proposition [5| gives us the bound

L
f®D) < fD) + (T F(20), 20 —2) 4 2 — 20|

Using again the co-coercivity of the gradient, we have that

F@Y) < fa) - (1—*)HVf( NI

Now, let 6() = f(z(+1)) — f(2*). Using the differential characterization
of convexity

Ve, z € C, f(x) > f(Z)+(Vf(Z),z—I).

, we have

50 < (Vf(zD),z® — z*),

Using Cauchy—Schwarz inequality, we have
6O <[V f()||[la? - a*|| = rO|V £ )] < r OV £ D).

Hence, we have

5(t+1) < 5(15) o q (5(t))2

>~ (’I“(O))Q )
where ¢ = n(1 — ) Multiplying both side by SOSFD t+1) > (0, we get that
11 g oY
5O = 5+ T (p(0)2 5

Since (f(z®)) is nonincreasing, we have <1, hence

5(t+1)

1 1 q
REDE 5(t) T oe ()2

16



Summing 7" — 1 inequalities of this type, we obtain

1 q

57 = 5o+ gy

1
5(T)

We conclude using a bit of computation:

_ —1
0 < (Lo g )T (24T SO0y
>~ (5(0) (rO)Q 5(0) (7’(0))2 (7"0)2 + qu(o)

Replacing ¢, r(® and 69 by their expression gives the result.
Maximizing the descent 7(2 — Ln) gives the optimal step-size n =
Injecting this value, we get that

1
I-

5(T) < 2L(5(0) (T'(O))Q
= 90092 1 T50)”

Using the smoothness Proposition |5, we have
F@O) < £+ (V5,20 =)+ 50O = fr 4+ Z (02

Thus,
2L(rO2 4 76O > (4 + 15,

which is the claimed result. O

6.3 Strongly convex L-smooth function

When f is both L-smooth and p-strongly convex, we have the following
“strenghened” co-coercivity.

Proposition 9. Let f be a L-smooth and p-strongly conver function. For
any x,y € R™, we have

ML 2 1 2
(Vf(@)=Vfy)z—y) = meE —yll”+ mHVf(I‘) - Vil

We now prove the linear convergence of gradient descent when dealing
with strongly convex functions.

Proposition 10. Rate of GD for strongly convex smooth functions

17



Let f : R = R be a p-strongly convex L-smooth function. For any initial

guess 0 the GD iterates =) with step-size t) = n € (0, ;H-LL] converge
towards an optimal point of f, and moreover
2nuL
o9 o2 < (1= 2L 0 _ o,
w+ L
Moreover, if n = MJ%L, then

* Ky—1 2 *
o~ < (7)o
ra) - < g () O -

where Ky = L/p.

Proof. From nesterov p.101 Let r®) = ||z — 2*||. We start like the proof
of Proposition

(HDY = [a® — a* — ¥ ()
= (r")? = 2(V f (@), 2 — &%) + n?|V £ (=)
Using Proposition [9} we have

(TH0) = V1), =% 2 B ol = P 9 E0) - VAP,
that is
(V1) = Vfa),a) ~o%) < LGP + =T,
Hence,
) < (1= 20 ) (OP g (0= 2 ) IV SO

Since 1 — ;H%L < 0, we can drop it and we obtain the recursion (r(tt1)2 <

(1 —q)(r®)? with ¢ = iﬁ—“f, that proves the first claim (linear rate).

Let n = MLL We have

R /2 _(L—M)2_<Kf—1>2
T T DT T2 \Ep+d
The last inequality is yet another use of Proposition ]

18
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