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Analyzing the backpropagation through SGD is the same as analyzing pertubated SGD

4% R™ — R is smooth and strongly convex in x, P probability measure Wait? But Why? — stochastic bilevel optimization, (model-agnostic) meta-learning, hyperparameter selection, etc.

Parametric stochastic optimization problem (Opf)
x*(0) = arg min F(x, 0) := E;_p[f(x, 6; )]

XEV t

X: weights  @: parameter ¢&: randomness

Stochastic Gradient Descent (SGD)

x,(0) € RY
Xe+1(0) = x(0) — .V, f(x.(0), 0; G11)

stepsize pd " i.i.d. rv following P

Derivatives (Jacobian) of Stochastic Gradient Descent (SGD’)
nitialization (map)  — 0gX1(0) = 90 (0) — 1, Vi f(x(0), 0; & )0, (0) — 1V, f(x(0), 0; &)

chain rule
\ T Hessian of x — f(x, 0, é;)\

Jacobian of & = x,(0) Cross-derivatives of (x, 0) — f(x, 0, &)

-

X5(0) =100 X7(0)
/ (under various assumptions)

implicit function theorem

Our issue
Do we have lim d,x,(0) = d,x™(0)?

k—+00

<

0gXi+1(0) = 0pxi(0) — 1 (Q(§k+1)aexk(‘9) T B(5k+1))

Jacobian of the solution: d,x*(6) solution of the linear system in D

VL F(x*(6),0)D + V2 F(x*(0),0) = E:_p | Vi f(x*(0), 6, E)D + V2, fx*(0), ;)| =0

General rewrite of (SGD’)

/ 0gXp11(0) = 0yx(0) — 1 V)zcxf (x*(0), 6; Sr+1)09%(0) — 1 V)%Hf (x*(0), 0; Srr )€1
[Arbel-Mairal '22]

0px*(0) = arg min [E, p [<l Vi f(x*(0), 0, 6D + VZ, f(x*(0), 0, &), D)>]

Stochastic reformulation (Opt’) “error term”

€1 =M (ViSO (0),0; iy ) — Vi f(00(0), 05 &40 ) 0px,(6)
+11 (V2[5 (0), 0; i) — V2 f0(0), 0; &)

Our key insight
(SGD’) is inexact (SGD) on (Opt’)

DeRdxm 2

Auxiliary result: convergence of inexact (SGD)

Inexact (SGD)

Main result: convergence of (SGD’)

Objective assumptions (Assumption O)
*

w* = arg mind F(w) := Eq_pl[ flw; )] W1 =W, — iV, ewi; &L DFe . ) a) Differentiability: f( - , - ; €) is C* with M-Lipschitz Hessian (V&)
weR - - - - =

b) S th -V ., 0, &) is L-Lipschit dV , - ,&)is L'-Lipschitz (Vx, 0,
General assumptions (Assumption G) ) Smoothness: V f( ¢) is L-Lipschitzand V f(x, - ,¢) is L*-Lipschitz (Vx, 0, ¢)

a) Differentiability: g( - ;&) is C L' with L-Lipschitz gradient (V&) ) Strong convexity: J( -, 0, &) is p-strongly convex (V0, ¢)
b) Strong convexity: Iw™, u > 0,Yw, (w — w*, [V, gw; &) > ullw — w*||?
c) Variance control: 36 € R_, E[||V,, g(x; AH|°] < 6°

Numerical experiments

Stochastic optimization problem

Constant stepsize Decreasing stepsize Double interpolation

, Simple interpolation

50000 100000 | 50000 100000 | 50000 100000 | 50000 100000

Noise assumptions (Assumption N) [Bottou et al., 2018; Gower et al., 2019]

a) Variance control: there exists ¢ > (0 such that for all @ € R" w
[V, f(x*(0), 0; 8)||*] < 6* standard var. control

—[HV%X f(x*(é’), 0; f)aex*(g) 4 V}%@ f(x*(é’), o: 5)“2] < 62 derivatives var. control 50200 100000 0 50200 100000 0 50200 100000 0 50200 100000

b) Integrability: f(x,0; - ) and V _f(x, 0, - ) are P-integrable "o "o/ 2 /10 ==== kTt = ok THE o mmme kTt ===/ log (k)

Inexact assumptions (Assumption l)

Vk, E[|le,.1]1”] < B; for some (B,) deterministic nonincreasing sequence
(relative to the natural filtration associated to ¢;)

Ordinary Least square

Proposition (Convergence of inexact (SGD))

Theorem (Convergence of (SGD’) towards (Opt’))

Under Assumptions O and N, set k = L/u the condition number, and (1,) a positive,

Under Assumptions G and I, set (1,) a positive, nonincreasing, nonsummable sequence
— ke P . . . H _
with 1y < L, and D, = 1/ E[||w, — W*Hz] Then, forall k > 0, —______, nonincreasing, nonsummable sequence with 1, < TR Then.

412

D%, < (1 = un)D; + 2n(B; + 206%) + 2n,B,.D;,

Stepsize Errors Noise Result
Bk—>Bo<\/ﬁ 6> >0 limsupDkoc\/ﬁ
log(k + 8x2) )

m—>n=0

k + 8k?

o> >0 D,%z@(

loo(k + 8k?)?
6 >0 D,?:@(M)
k + 8k2

=0 D} =0 (k-4

@ General estimates: setting n = lim n,, we have

k— 400
462 3M(1 + M) \°
077<1_|_ ( o))
H H

lim SUP, . =[ || 09X (0) — aQX*(Q)HZ] <

@® Sublinear rate: If 1M, =

(110X (0) — 0px*(O)I°] = O (

log(k + 8k%)?
k + 8k?

@ Interpolation regime: If 6 = 0 and 1, = n, for all k, then

1 k
=[11055(0) — 9px*O)]I*] = O (k (1 - p) )
K

m

|
* (O — - . T, 2
x™(0) = arg )Iclelgzl F(x,0) := ™ é::zl Qe X b(0);)

General estimates & decreasing stepsize: 0 € R"™, b(0) = 0
Simple interpolation setting: @ = AZ, ¢ € R? and b(0) = 0 (no autodiff through 6 = A¢)
Double interpolation setting: @ € R? and b(0) = A0
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