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Problem setting: Stochastic Gradient Descent (SGD)

2

At every iteration, independently sample    and form our stochastic gradient 

then iterate

<latexit sha1_base64="pMhJKcXJMGjZBPrGH/daaUfiLIc="></latexit>

g = rF (xt, ξt)

<latexit sha1_base64="nNRDV9biJbQoZNwNvpBBPbDnv60="></latexit>

xt+1 = xt − ηtg

<latexit sha1_base64="Zs3PiF1Hh3Q1QTOizdWBn48x6Ts="></latexit>

ξt

After T iterations, pick y such that              is small
<latexit sha1_base64="zop6Xw2C3QrSW5QjcINnSAviFdw="></latexit>

krf(y)k2

<latexit sha1_base64="lexB1K7SGHOHoyFQyEraRpZ7Rpw="></latexit>

min
x∈Rn

f(x)
def

= Eξ [F (x, ⇠)] or Es∼D[`(x, s)]
<latexit sha1_base64="qiyTydoOvzv9BHIQSDh8GXI+RdQ="></latexit>

s = {features, label}

<latexit sha1_base64="4i+/Ug+I1Xc406+b41MMql8klqs="></latexit>

(

E[g] = rf(xt) under mild conditions
)

<latexit sha1_base64="6+grPtH8TsBmUmn41BvQYGkxBdM="></latexit>

y ∈ span{(xt)
T

t=1
}, e.g., y = xT
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Problem setting: Stochastic Gradient Descent (SGD)
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Technical assumptions 

‣         is differentiable a.s. 

‣ minimizers exist 

‣      is Lipschitz continuous 

‣ x 

‣

<latexit sha1_base64="Lnyh0t1/wFQZu6Ooy+3uu5MkMQY="></latexit>

F (·, ξ)

<latexit sha1_base64="GqP3i1DHmbo3A5ji4vTZFzv1f0Y="></latexit>

rf
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E
⇥

krf(x)− gk2
⇤

 σ2
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f ∈ C1

At every iteration, independently sample    and form our stochastic gradient 

then iterate
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After T iterations, pick y such that              is small
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f(x)
def

= Eξ [F (x, ⇠)] or Es∼D[`(x, s)]
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s = {features, label}
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After T iterations, pick y such that              is small
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krf(y)k2

Example: consider a data set S := (si)
n
i=1 ∼ D

n. The empirical risk
is

f(x) =
1

n

nX

i=1

`(x, si) = Ei∼U([n])[`(x, si)].

Machine learning example: empirical risk minimization (ERM)

<latexit sha1_base64="lexB1K7SGHOHoyFQyEraRpZ7Rpw="></latexit>

min
x∈Rn

f(x)
def

= Eξ [F (x, ⇠)] or Es∼D[`(x, s)]
<latexit sha1_base64="qiyTydoOvzv9BHIQSDh8GXI+RdQ="></latexit>

s = {features, label}
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iid
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Problem setting: learning
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Empirical risk
<latexit sha1_base64="qiyTydoOvzv9BHIQSDh8GXI+RdQ="></latexit>

s = {features, label}

<latexit sha1_base64="nuy1wN9SCG9/pRtIYpXpruB8S0Q="></latexit>

fn(x)
def

=
1

n

nX

i=1

`(x, si)
<latexit sha1_base64="3isc33wUp9wf9D4RTVtwIOzfqOo="></latexit>

S or Sn = (si)
n

i=1

iid
∼ D

n

empirical 

risk
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Problem setting: learning
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Empirical risk
<latexit sha1_base64="qiyTydoOvzv9BHIQSDh8GXI+RdQ="></latexit>

s = {features, label}
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fn(x)
def

=
1

n

nX

i=1

`(x, si)
<latexit sha1_base64="3isc33wUp9wf9D4RTVtwIOzfqOo="></latexit>

S or Sn = (si)
n

i=1

iid
∼ D

n

True risk

true risk

empirical 

risk

<latexit sha1_base64="RZt1X6hhpSw2Rsqe5cu9z7aDPAk="></latexit>

f∞(x)
def

= Es∼D[`(x, s)]

(training error)

(testing error)
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Problem setting: learning
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Empirical risk
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s = {features, label}
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fn(x)
def

=
1

n

nX

i=1

`(x, si)
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S or Sn = (si)
n

i=1

iid
∼ D

n

True risk

<latexit sha1_base64="WjaliTOovQxHmD9xWFA7cU/hx0k="></latexit>

∀x (a.s.), lim
n→∞

fn(x) = f∞(x)

No big deal? Strong law of large numbers says:

… but fails if x depends on n, e.g., 
<latexit sha1_base64="FGy7DcYcqM4vR2f9jpCXqYTLoJY="></latexit>

x = x(Sn), e.g., x ∈ argmin fn(x)

<latexit sha1_base64="RZt1X6hhpSw2Rsqe5cu9z7aDPAk="></latexit>

f∞(x)
def

= Es∼D[`(x, s)]
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Empirical risk
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∀x (a.s.), lim
n→∞

fn(x) = f∞(x)

No big deal? Strong law of large numbers says:

… but fails if x depends on n, e.g., 
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x = x(Sn), e.g., x ∈ argmin fn(x)

Toy example:
<latexit sha1_base64="AzH8gMxlKUabRFSsvG1cVRG3yDo="></latexit>

fn : [0, 1] → R, fn(x) = xn, fn
a.e.

→ 0

0 1

1

x
0 1

1

x
0 1

1

x

<latexit sha1_base64="aLStIxiS2i+Rh6ESAfbMlV81qvs="></latexit>

n = 1
<latexit sha1_base64="eUAP1YXzvEhM88zVVzwEsQpw7so="></latexit>

n = 2
<latexit sha1_base64="a71DOcL42WyCXCTEjA4ITnl5ICs="></latexit>

n ! 1

<latexit sha1_base64="RZt1X6hhpSw2Rsqe5cu9z7aDPAk="></latexit>

f∞(x)
def

= Es∼D[`(x, s)]
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Problem setting: learning
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Empirical risk
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s = {features, label}
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x1 =
1

2

<latexit sha1_base64="dEJRlF46KP19ng3ZCREz5dyM4gE="></latexit>

xn = 2
−1/n

<latexit sha1_base64="Bi20xv0j1aOb3xUt2K8RgJnDFuM="></latexit>

x2 = 1/
√
2 ≈ .707
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n = 1
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f∞(x)
def

= Es∼D[`(x, s)]
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f1(x1) =
1

2

<latexit sha1_base64="zaHwvWVkUEX9bCFtBTI+S/vmRvU="></latexit>

f2(x2) =
1

2

<latexit sha1_base64="YXd7CLeEUl6xQ2RHQRtCs3Qbfd8="></latexit>

fn(xn) =
1

2
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SGD has been analyzed since the 50’s. What’s new?
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Bottou, Curtis, Nocedal, SIAM Review 2018

Example of typical theorem.  Assuming: 

    is   Lipschitz continuous, f is bounded below (wlog, nonnegative) 

                                         (e.g., iterates are bounded, or f is Lipschitz) 

then 

Fixed stepsize:                           then 

Decaying stepsize:                       

 

                                                           then

<latexit sha1_base64="QIC56u1EntQH8T4SPgvRU+86OBQ="></latexit>

E
⇥

kgtk
2
⇤

 M +M 0krf(x)k2

<latexit sha1_base64="GqP3i1DHmbo3A5ji4vTZFzv1f0Y="></latexit>

rf
<latexit sha1_base64="9OWYzD2MtIpovk6AkWEJolx7wQU="></latexit>

β

<latexit sha1_base64="dXxWQ5cnIRRFivSJnXVIWpfak2k="></latexit>

0 < η ≤
1

βM 0

<latexit sha1_base64="akfnAveusATOcYHEj3QVrBjvuWo="></latexit>

∞X

t=1

ηt = ∞,
∞X

t=1

η2
t
< ∞, e.g., ηt = 1/t

<latexit sha1_base64="LlLdtg3ZvIQWCRQWkBdUQVNIjcc="></latexit>

E

"

1

T

T
X

t=1

krf(xt)k
2

#

 ηβM + 2
f(x1)

ηT

<latexit sha1_base64="Uuk9jtGLrsJ6SyoBLwsTn+vsOw0="></latexit>

lim inf
T→∞

E
⇥

krf(xT )k
2
⇤

= 0

(and limit exists under additional smoothness assumptions)

We’re not assuming convexity, so just looking for a stationary point
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More existing results
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• Bertsekas and Tsitsiklis 2000:

P (xt → x such that rf(x) = 0) = 1.

• Ghadimi and Lan 2013:

E
⇥

krf(y)k2
⇤

 O(log(T )/
p
T ).

• Sebbouh et al 2021:

P

✓

min
t∈[T ]

krf(xt)k2 = o(1/T 0.5−✏)

◆

= 1.

W

What about something concrete like                                    ?
<latexit sha1_base64="iA5SmJhUlMaN8DuAOVUU9Q6drOg="></latexit>

P
(

krf(y)k2 < ✏
)

> 1− δ

“almost sure” convergence

… and many other results and with different assumptions.

convergence in mean 

aka L1 convergence

“almost sure” w/ rate
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Outline

1. Robustness: allow heavier tailed noise, derive high probability bounds 

2. Learning/generalization

10

Analyze SGD.

Assumptions: gradient Lipschitz, function Lipschitz, allow sub-Weibull noise

Assumptions: gradient Lipschitz, PL inequality, only sub-Gaussian noise
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New assumptions
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Allow noise to be heavier tailed [beyond sub-Gaussian]

Example: consider a data set S := (si)
n
i=1 ∼ D

n. The empirical risk
is

f(x) =
1

n

nX

i=1

`(x, si) = Ei∼U([n])[`(x, si)].

<latexit sha1_base64="e5O5nwpJSU2H4hyoKAwTkSPBs1c="></latexit>

f(x) =
1

n

nX

i=1

`(x, si) ≈
1

b

bX

j=1

`(x, si(j)) minibatch approximation

By CLT, the error in minibatch approximation converges in distribution to a Gaussian as 
<latexit sha1_base64="6+aBKgwnduq0t6ADeY0uMRKiZ7s="></latexit>

b → ∞
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b → ∞

But empirically, noise is not Gaussian for small b 

Panigrahi et al. (2019) looked at Resnet18 with CIFAR10 and MNIST data sets and found: 

‣ Noise is Gaussian for b = 4096 

‣ Noise is not Gaussian for b = 32 

‣ Noise starts Gaussian then (after some epochs) becomes non-Gaussian for b = 256 

Also, purposefully having heavier tail noise may help SGD find models that generalize well
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Heavier-tailed noise: sub-Weibull distribution
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X is σ-sub-Gaussian if

P (|X| ≥ x) ≤ 2 exp
(

−x2/σ2
)

.

X is σ-sub-Weibull(θ) if (Vladimirova et al 2020)

P (|X| ≥ x) ≤ 2 exp
⇣

−(x/σ)1/θ
⌘

.

Sub-Gaussian is θ = 1/2. Sub-exponential is θ = 1.

punchline: like sub-Gaussian but heavier tailed

[15] Mariia Vladimirova, Stéphane Girard, Hien Nguyen, and Julyan Arbel, Sub-Weibull distributions: Generalizing

sub-Gaussian and sub-exponential properties to heavier tailed distributions, Stat 9 (2020), no. 1, e318.

sub-Gaussian

sub-Gaussian

exponential

exponential

theta=2

theta=2
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High probability
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What about something concrete like                                    ?

<latexit sha1_base64="Ta0mXhtcslz5/eIonm4ne77ukGE="></latexit>

E
⇥

krf(y)k2
⇤

 O
⇣

log(T )/
p
T
⌘

Using a result like

(y chosen after T iterations of SGD)

<latexit sha1_base64="H/cLd9p6gKmQSFjfDxI6iyA+aOI="></latexit>

P (X ≥ a) ≤
E[X]

a

we can use Markov’s inequality

<latexit sha1_base64="TvD6c+mA5OFAZByfp11X5b3Op8E="></latexit>

P
(

krf(y)k2 < ✏
)

> 1− δ
<latexit sha1_base64="JlHCVvKFIDhNkpVkBv1/3sg950s="></latexit>

P
(

krf(y)k2 ≥ ✏
)

 δaka

(X is a non-negative r.v.)
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 δaka

<latexit sha1_base64="zaIKJpKPKcLXg8FFQTYqiPdd3WI="></latexit>

P

✓

krf(y)k2 ≥ 1

δ
log(T )/

p
T

◆

 δ

to derive:

“low probability” result

(X is a non-negative r.v.)



Stephen Becker (U. Colorado) High-Probability Bounds and Stability for SGD GdR MOA ’22 (Nice, Oct 13 2022)

High probability

13

What about something concrete like                                    ?

<latexit sha1_base64="Ta0mXhtcslz5/eIonm4ne77ukGE="></latexit>

E
⇥

krf(y)k2
⇤

 O
⇣

log(T )/
p
T
⌘

Using a result like

(y chosen after T iterations of SGD)

<latexit sha1_base64="H/cLd9p6gKmQSFjfDxI6iyA+aOI="></latexit>

P (X ≥ a) ≤
E[X]

a

we can use Markov’s inequality

<latexit sha1_base64="TvD6c+mA5OFAZByfp11X5b3Op8E="></latexit>

P
(

krf(y)k2 < ✏
)

> 1− δ
<latexit sha1_base64="JlHCVvKFIDhNkpVkBv1/3sg950s="></latexit>

P
(

krf(y)k2 ≥ ✏
)

 δaka
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P

✓

krf(y)k2 ≥ 1

δ
log(T )/

p
T

◆

 δ

to derive:

“low probability” result

(X is a non-negative r.v.)

Usual workaround is “probability amplification”: run K independent algorithms, 

and pick the best output [sometimes tricky] 

Via concentration inequalities, can get effectively 

<latexit sha1_base64="YhrOTbaCNvqbg3WPi98uZReyWvU="></latexit>

P

✓

krf(y)k2 ≥ log

✓

1

δ

◆

log(T )/
p
T

◆

 δ

“high probability” result
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Research goal

14

Allowing for heavier-tailed noise (e.g., sub-Weibull with         or even        ) 

can we derive a (single-run) high-probability convergence result?

<latexit sha1_base64="HGEYXjF6lZIv/4t2tLHfMGhl29I="></latexit>

θ = 1
<latexit sha1_base64="2xDpp6xhJLvy1k4cK8nYEgdSpHM="></latexit>

θ > 1

Yes!
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Recall:    is the sub-Weibull parameterMain result

15

*Do need to assume function 

is Lipschitz if beyond sub-Gaussian 

noise unfortunately

<latexit sha1_base64="C3oV2Q21SL++IxVHLpBHTH7bQK4="></latexit>

θ

<latexit sha1_base64="3SuhY1RUIAdgrEnQk5Q07gjSEm8="></latexit>

If P
⇣

krf(x)−rF (x, ξ)k ≥ r)  2 exp(−(r/σ)1/θ
⌘

8r > 0, then for T

iterations of SGD with step-size ηt = Θ(1/
p
t), we have, w.p. ≥ 1− δ,

Theorem [Thm. 12 in Madden, Dall’Anese, B. ’21]

<latexit sha1_base64="C8wunz9VN7+2cqAADwAzCQJ184s="></latexit>

min
t∈[T ]

krf(xt)k2  1p
T

T
X

t=1

1p
t
krf(xt)k2

 O
✓

log(T ) log(1/δ)2θ + log(T/δ)max{0,θ−1}) log(1/δ)p
T

◆
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Main result

16

<latexit sha1_base64="8RE0jC2pIfACieCz+daO9YWxEOM="></latexit>

θ =
1

2
Special case of sub-Gaussian (        ) already had results by Li and Orabona ’20: 

In addition to generalizing this, we slightly improve it:

<latexit sha1_base64="HaZ1Z7ZnHb0yZ6DhpsykG8MpjZo="></latexit>

P

✓

min
t∈[T ]

krf(xt)k2 ≥ Ω (log(T/δ) log(T )/
p
T

◆

 O(δ)

<latexit sha1_base64="xkOEJ+jWwbtNurgxZYRgM+UO24Y="></latexit>

P

✓

min
t∈[T ]

krf(xt)k2 ≥ Ω (log(1/δ) log(T )/
p
T

◆

 O(δ)
*Do need to assume function 

is Lipschitz if beyond sub-Gaussian 

noise unfortunately

<latexit sha1_base64="C3oV2Q21SL++IxVHLpBHTH7bQK4="></latexit>

θRecall:    is the sub-Weibull parameter

<latexit sha1_base64="3SuhY1RUIAdgrEnQk5Q07gjSEm8="></latexit>

If P
⇣

krf(x)−rF (x, ξ)k ≥ r)  2 exp(−(r/σ)1/θ
⌘

8r > 0, then for T

iterations of SGD with step-size ηt = Θ(1/
p
t), we have, w.p. ≥ 1− δ,

<latexit sha1_base64="C8wunz9VN7+2cqAADwAzCQJ184s="></latexit>

min
t∈[T ]

krf(xt)k2  1p
T

T
X

t=1

1p
t
krf(xt)k2

 O
✓

log(T ) log(1/δ)2θ + log(T/δ)max{0,θ−1}) log(1/δ)p
T

◆

Theorem [Thm. 12 in Madden, Dall’Anese, B. ’21]
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Technique

17

• We can derive

O
⇣

X

ηtkrf(xt)k
2
⌘

 O(1)+O
⇣

X

ηthrf(xt), eti
⌘

+O
⇣

X

η2t ketk
2
⌘

where et = rf(xt)−rF (xt, ξt).

• Define Ft = σ(ξ0, . . . , ξt). Then (ηthrf(xt), eti) is adapted to (Ft) and
E [ηthrf(xt), eti | Ft−1] = 0.

<latexit sha1_base64="rcOuk6+d4snpUo4w49ztWrF8dss="></latexit>

| {z }

ξt

Step 1: standard optimization analysis

Need to condition here since    is a random variable<latexit sha1_base64="Wy9C7RfHPmyVRVNxYWF670wcl88="></latexit>

xt
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(ξi) is a martingale difference sequence (MDS) if it is adapted to a
filtration (Fi) and E [ξi | Fi−1] = 0. Let (Vi) be adapted to (Fi). Assume
Vi ≥ 0 ∀i ∈ [n] and, for some λ ≥ 0 and f ≥ 0,

E [exp(λξi) | Fi−1] ≤ exp(f(λ)Vi−1) ∀i ∈ [n].

Technique

18

Existing bounds: sub-exponential Martingale Difference Sequence concentration

sub-exponential

<latexit sha1_base64="JLWGX6LfYP+L6P5CC1o/UXRzdN8="></latexit>

E [exp(λξ)] ≤ exp(λ2V )

<latexit sha1_base64="1DqS0Ele9rnHCscQ6ZXZlqbTivo="></latexit>

∀λ ∈ R or ∀|λ| ≤ V
−1/2

sub-Gaussian

<latexit sha1_base64="AKRtPZBY28HG+YKjZWggHYfzwHg="></latexit>

E[ξ] = 0Interpretation: if            then

?

Theorem (Freedman)
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Technique
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Existing bounds: sub-exponential Martingale Difference Sequence concentration

(ξi) is a martingale difference sequence (MDS) if it is adapted to a
filtration (Fi) and E [ξi | Fi−1] = 0. Let (Vi) be adapted to (Fi). Assume
Vi ≥ 0 ∀i ∈ [n] and, for some λ ≥ 0 and f ≥ 0,

E [exp(λξi) | Fi−1] ≤ exp(f(λ)Vi−1) ∀i ∈ [n].

Then, for all x, v ≥ 0,

P

0

@

[

k∈[n]

⇢ k
X

i=1

ξi ≥ x and
k

X

i=1

Vi−1 ≤ v

}

1

A ≤ exp(−λx+ f(λ)v).

This comes from Fan et al 2015 but goes back to Freedman 1975.

[4] David A Freedman, On tail probabilities for martingales, The Annals of Probability (1975), 100–118.

[3] Xiequan Fan, Ion Grama, Quansheng Liu, et al., Exponential inequalities for martingales with applications,
Electronic Journal of Probability 20 (2015).

Theorem (Freedman)
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Technique

20

Freedman’s inequality from the last slide:

E [exp(λξi) | Fi−1] ≤ exp(f(λ)Vi−1) ∀i ∈ [n].

Then, for all x, v ≥ 0,

P

0

@

[

k∈[n]

⇢ k
X

i=1

ξi ≥ x and
k

X

i=1

Vi−1 ≤ v

}

1

A ≤ exp(−λx+ f(λ)v).

<latexit sha1_base64="dRc/nPMdWHRJ7T4Dv11IygVeDyQ="></latexit>

f(λ) =
λ2

2
, Vi−1 = σ2

i
, v =

nX

i=1

σ2

i
, λ = x/v

<latexit sha1_base64="CPyzb5HRr8A7R8jZviASF3W++iU="></latexit>

P

0

@

[

k∈[n]

(

k
X

i=1

ξi ≥ x

)

1

A ≤ exp

✓

−
x2

2v

◆

<latexit sha1_base64="UajTKx+cW2gdEFgHzjqoOrPullQ="></latexit>

=⇒ (maximal) Azuma-Hoeffding inequality

Special case:

(just a fancy version of Hoeffding… Hoeffding is for bounded independent random 

variables, we’re generalizing to sub-exponential Martingales)

<latexit sha1_base64="sfv7t4zyBNW0oaSStmBjUUTUH94="></latexit>

v = nσ
2e.g.

<latexit sha1_base64="w+x1Fotq7O4US4L1LNc10ZrBC90="></latexit>

P

 

n
X

i=1

ξi ≥ x

!

≤ exp

✓

−2
x2

nσ2

◆

Hoeffding
<latexit sha1_base64="UajTKx+cW2gdEFgHzjqoOrPullQ="></latexit>

=⇒
independent

<latexit sha1_base64="kWnbwyFBY6affkho/DnDdrZ9EL4="></latexit>

E[ξi] = 0, ξi ∈ [−σ/2, σ/2]
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Technique
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Step 2: generalized generalized Freedman
[7] Nicholas J. A. Harvey, Christopher Liaw, Yaniv Plan, and Sikander Randhawa, Tight analyses for non-smooth

stochastic gradient descent, Conference on learning theory (COLT), 2019, pp. 1579–1613.

Harvey et al. (’19) generalize to “self-normalized” Freedman for MDS 

[assuming sub-Gaussian].   We generalize to all sub-Weibull (below, showing just          case).

Proof used MGF truncation techniques of Bakhshizadeh at al. 2020

Theorem [Prop. 11 in Madden, Dall’Anese, B. ’21]
<latexit sha1_base64="8Ln/pMimMbgS35gdgZz+5C0B8Bg="></latexit>

Assume (ξi) is a MDS, and let (V i) be adapted to (Fi). Assume

0 ≤ V i−1 ≤ ai (∀i ∈ [n]) and, for some θ > 1,

E

h

exp
⇣

(|ξ|i/V i−1)
1/θ

⌘

|Fi−1

i

≤ 2 (∀i ∈ [n]).

Then, for all x, β ≥ 0, δ ∈ (0, 1), α ≥ 2 log(n/δ)θ−1 max
i∈[n]

ai, and λ ∈



0,
1

2α

]

,

P

0

@

[

k∈[n]

(

k
X

i=1

ξi ≥ x and cθ

k
X

i=1

V 2
i−1 ≤ α

k
X

i=1

ξi + β

)

1

A ≤ exp(−λx+2βλ2)+2δ

where cθ = (22θ+1 + 2)Γ(2θ + 1) + 23θΓ(3θ + 1)/3.

<latexit sha1_base64="xwqVlFB0l1X3/Yi0e+i1Fp3/RvI="></latexit>

θ > 0

Recall:    is the sub-Weibull parameter
<latexit sha1_base64="C3oV2Q21SL++IxVHLpBHTH7bQK4="></latexit>

θ
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Outline

1. Robustness: allow heavier tailed noise, derive high probability bounds 

2. Learning/generalization

22

Analyze SGD.

Assumptions: gradient Lipschitz, function Lipschitz, allow sub-Weibull noise

Assumptions: gradient Lipschitz, PL inequality, only sub-Gaussian noise
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Stability

23

Old thinking: 

      An algorithm        might be any global minimizer to the ERM problem 

 Tools: regularization or restrict the complexity of the hypothesis class (VC dimensions) 

New thinking: 

An algorithm        can be the output of SGD after T  iterations  

trying to solve the ERM problem.  No longer need to assume we found global minimizer 

Change the stepsize? Change to using ADAM? etc. Then need new analysis 

 (either a pro or con, depending on the situation) 

 

Tools: stability. We’ll use “stability” in the way you  

think we would: a stable algorithm is not overly  

sensitive to changes in the input.

e.g., take 0 iterations, then clearly 

it’s insensitive to input… 

… but we’ll see a tradeoff with  

optimization error.

<latexit sha1_base64="36EadA6tSOZWSf0LjeiFb0A+m3s="></latexit>

ALGO

<latexit sha1_base64="36EadA6tSOZWSf0LjeiFb0A+m3s="></latexit>

ALGO
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Stability
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Old thinking: 

      An algorithm        might be any global minimizer to the ERM problem 

 Tools: regularization or restrict the complexity of the hypothesis class (VC dimensions) 

New thinking: 

An algorithm        can be the output of SGD after T  iterations  

trying to solve the ERM problem.  No longer need to assume we found global minimizer 

Change the stepsize? Change to using ADAM? etc. Then need new analysis 

 (either a pro or con, depending on the situation) 

 

Tools: stability. We’ll use “stability” in the way you  

think we would: a stable algorithm is not overly  

sensitive to changes in the input.

e.g., take 0 iterations, then clearly 

it’s insensitive to input… 

… but we’ll see a tradeoff with  

optimization error.

<latexit sha1_base64="36EadA6tSOZWSf0LjeiFb0A+m3s="></latexit>

ALGO

<latexit sha1_base64="36EadA6tSOZWSf0LjeiFb0A+m3s="></latexit>

ALGO

T
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Stability (technical definition)

25

Definition Uniformly Stable in Expectation* 

A randomized algorithm       is       -uniformly stable if for all datasets   and    (both of size n) 

that differ in at most one example,

Bousquet and Elisseef, JMLR, 2002 

Elisseeff, Evgeniou and Pontil, JMLR, 2005

*There are many variants, eg. “pointwise” variants

<latexit sha1_base64="nuy1wN9SCG9/pRtIYpXpruB8S0Q="></latexit>

fn(x)
def

=
1

n

nX

i=1

`(x, si)
<latexit sha1_base64="RZt1X6hhpSw2Rsqe5cu9z7aDPAk="></latexit>

f∞(x)
def

= Es∼D[`(x, s)]

<latexit sha1_base64="36EadA6tSOZWSf0LjeiFb0A+m3s="></latexit>

ALGO
<latexit sha1_base64="GFacprAX88FKDcgocm1/aOPqzuk="></latexit>

εstab

<latexit sha1_base64="NCQD3UjepMvgo4N4+/hn062j9TI="></latexit>

S
<latexit sha1_base64="0XmYvm9USYflGwVEZpSo3LJVQsQ="></latexit>

S
0

Recall

<latexit sha1_base64="SgCyRepTtKhZcSheK1JCjzb2zgU="></latexit>

sup
s2S

EALGO [`(x, s)− `(x0, s)] ≤ "stab, x = ALGO(S), x0 = ALGO(S0)

<latexit sha1_base64="YJa+JVrqWDRnkwnWZsRKDynUqL0="></latexit>

EALGO [`(ALGO(S), s)− `(ALGO(S0), s)]
def

= Eξ [`(ALGO(S, ⇠), s)− `(ALGO(S0, ⇠), s)]

<latexit sha1_base64="MvtEvlkzPo61katMfwWKX/5Zh3w="></latexit>

| {z }

<latexit sha1_base64="WcawGWV/tLPNRnhHzns00T4LbTw="></latexit>

z }| {

<latexit sha1_base64="zqYCwrvZ6XLq1rHI+B3EsUOkDa4="></latexit>

ξ   represents all the randomness in the algorithm 

like a seed for a pseudo-random number generator 

ex: initialization, and/or minibatch samples 

We can “match” it so that it is the same for both 

runs (i.e., linearity of expectation)
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<latexit sha1_base64="SgCyRepTtKhZcSheK1JCjzb2zgU="></latexit>

sup
s2S

EALGO [`(x, s)− `(x0, s)] ≤ "stab, x = ALGO(S), x0 = ALGO(S0)

Stability: usefulness

26

Definition Uniformly Stable in Expectation 

A randomized algorithm       is       -uniformly stable if for all datasets   and    (both of size n) 

that differ in at most one example,

Bousquet and Elisseef, JMLR, 2002 

Elisseeff, Evgeniou and Pontil, JMLR, 2005

<latexit sha1_base64="36EadA6tSOZWSf0LjeiFb0A+m3s="></latexit>

ALGO
<latexit sha1_base64="GFacprAX88FKDcgocm1/aOPqzuk="></latexit>

εstab

<latexit sha1_base64="NCQD3UjepMvgo4N4+/hn062j9TI="></latexit>

S
<latexit sha1_base64="0XmYvm9USYflGwVEZpSo3LJVQsQ="></latexit>

S
0

Theorem Stable algorithms generalize in expectation 

Assume                   then if        is       -uniformly stable, then with probability 

at least        (over the data and the algorithm’s randomness)

<latexit sha1_base64="bax8xi7j8HaYeVmP6RrOAGHERQc="></latexit>

`(·, ·) ∈ [0,M ]
<latexit sha1_base64="36EadA6tSOZWSf0LjeiFb0A+m3s="></latexit>

ALGO
<latexit sha1_base64="GFacprAX88FKDcgocm1/aOPqzuk="></latexit>

εstab
<latexit sha1_base64="bVzuc61jaEe0V5ZU+zoBYQT2RaA="></latexit>

1− δ

<latexit sha1_base64="K0Ze5Tanq2qiodU6/HJtie8UN8A="></latexit>

|S| = n

Informally, call an algorithm “stable” if
<latexit sha1_base64="E9F/N2XEK89NzMxx0sHyKYO+Y54="></latexit>

εstab = O(1/n)
<latexit sha1_base64="nuy1wN9SCG9/pRtIYpXpruB8S0Q="></latexit>

fn(x)
def

=
1

n

nX

i=1

`(x, si)
<latexit sha1_base64="RZt1X6hhpSw2Rsqe5cu9z7aDPAk="></latexit>

f∞(x)
def

= Es∼D[`(x, s)]

Recall

<latexit sha1_base64="JZdBJFsxKK76NhpKSIHQniSaSSw="></latexit>

f∞(x) ≤ fn(x) +

r

6Mnεstab +M2

2nδ
| {z }

εgen

, x = ALGO(S)

Reasonable for classification
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<latexit sha1_base64="JZdBJFsxKK76NhpKSIHQniSaSSw="></latexit>

f∞(x) ≤ fn(x) +

r

6Mnεstab +M2

2nδ
| {z }

εgen

, x = ALGO(S)

<latexit sha1_base64="SgCyRepTtKhZcSheK1JCjzb2zgU="></latexit>

sup
s2S

EALGO [`(x, s)− `(x0, s)] ≤ "stab, x = ALGO(S), x0 = ALGO(S0)

SGD (w/ early stopping) is stable

27

Definition Uniformly Stable in Expectation 

A randomized algorithm       is       -uniformly stable if for all datasets   and    (both of size n) 

that differ in at most one example,

Hardt, Recht and Singer, ICML, 2016

<latexit sha1_base64="36EadA6tSOZWSf0LjeiFb0A+m3s="></latexit>

ALGO
<latexit sha1_base64="GFacprAX88FKDcgocm1/aOPqzuk="></latexit>

εstab

<latexit sha1_base64="NCQD3UjepMvgo4N4+/hn062j9TI="></latexit>

S
<latexit sha1_base64="0XmYvm9USYflGwVEZpSo3LJVQsQ="></latexit>

S
0

Theorem Stable algorithms generalize in expectation 

Assume                   then if        is       -uniformly stable, then with probability 

at least        (over the data and the algorithm’s randomness)

<latexit sha1_base64="bax8xi7j8HaYeVmP6RrOAGHERQc="></latexit>

`(·, ·) ∈ [0,M ]
<latexit sha1_base64="36EadA6tSOZWSf0LjeiFb0A+m3s="></latexit>

ALGO
<latexit sha1_base64="GFacprAX88FKDcgocm1/aOPqzuk="></latexit>

εstab
<latexit sha1_base64="bVzuc61jaEe0V5ZU+zoBYQT2RaA="></latexit>

1− δ

<latexit sha1_base64="K0Ze5Tanq2qiodU6/HJtie8UN8A="></latexit>

|S| = n

Theorem SGD with early stopping is stable (… hence generalizes) 

Assume                                and is   -Lipschitz and its gradient is   -Lipschitz. 

Then SGD for T iterations with stepsize             is uniformly stable in expectation, with

<latexit sha1_base64="c/reqMMupFVwd8j/t8CCW48jF2M="></latexit>

(8s)x 7! `(x, s) 2 [0, 1] <latexit sha1_base64="MbPTw3BtxFShxhHyuTuhjR3Vgwo="></latexit>

ρ
<latexit sha1_base64="9OWYzD2MtIpovk6AkWEJolx7wQU="></latexit>

β
<latexit sha1_base64="em62lMUt+B1a9CNiro1mGHqrL54="></latexit>

ηt = c/t
<latexit sha1_base64="0r8yMNId46NikhRqwDCKe5N8yuo="></latexit>

εstab ≤
1 + 1/βc

n− 1
(2cρ2)

1
βc+1T

βc

βc+1

*Note: if T < n, then this is not new, since it essentially falls under  

stochastic approximation (SA) theory (no duplicate samples)
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isn’t “high-probability” but we can boost, and beats usual     bound

Putting it altogether

28

<latexit sha1_base64="sWeNMpD3SNGRpwq07Ad0WFMz+Ak="></latexit>

εgen
<latexit sha1_base64="m9yKyfoJrri9cf+w52AgdVWLXyA="></latexit>

εopt

<latexit sha1_base64="Yloc8BaZAk8bPerBHC/NNN0W9Wc="></latexit>

εopt + εgen

is the number of epochs

Theorem Combined SGD bound [Madden, Dall’Anese, B. 2021]

Theorem 10. Assume `(x, s) 2 [0,M ] for all x and s. Assume `(·, s) is ⇢-Lipschitz and L-smooth for all s.
Assume f is µ-PL. Let  = L/µ. Assume rf(x)− g(x, 1) is centered and σ/

p
d-sub-Gaussian for all x. Let

bt = b, c = 1/(µ+L), and T = Θ(n/b). Then, T iterations of SGD with ⌘t = c/(t+ 1) satisfies, w.p. ≥ 1− δ
over S and (It) for all δ 2 (0, 1/e),

✓ ◆
<latexit sha1_base64="cPxRXhjKkEZ2Lk2qTEm1XQAQwmY="></latexit>

f1(xT )−min
x0

fn(x
0) = O

✓

b1/(2κ+2)

n1/(2κ+2)
√
δ
+

log(1/δ)

b1−1/(κ+1)n1/(κ+1)

◆

<latexit sha1_base64="DzC4ZRKZXk3IoL1Z9M88GeC3qnw="></latexit>

bT

<latexit sha1_base64="GtVjUtnZQBB5F2F7ponCzO9sA1o="></latexit>

1/
√

δ
<latexit sha1_base64="tfl+KApjcwDsxva93kAW5W7xu5g="></latexit>

1/δ

<latexit sha1_base64="ACdhGqP4V/KBeaqRf5po4yuFQWw="></latexit>

f∞(xT ) = f∞(xT )− fn(xT )
| {z }

εgen

+ fn(xT )
| {z }

εopt

<latexit sha1_base64="JZdBJFsxKK76NhpKSIHQniSaSSw="></latexit>

f∞(x) ≤ fn(x) +

r

6Mnεstab +M2

2nδ
| {z }

εgen

, x = ALGO(S)
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Polyak-Łojasiewicz inequality

29

Definition

Strongly convex implies PL…  

   but there are also non-strongly-convex PL functions 

   and even non-convex PL functions 

PL implies stationary points are global minimizers, 

   and gradient descent converges at a linear rate, 

   but does not prove uniqueness of minimizers 

PL is not closed under nonnegative sums, unlike (strong) convexity 

PL does not play nicely with constraints 

For sufficiently wide neural nets,    is locally   -PL with constant

even if A isn’t injective

Ex.:

<latexit sha1_base64="b4bv7yVDB4CpaTu6JbDIoi1WDGM="></latexit>

f is µ-PL if (8x)
1

2
krf(x)k2 ≥ µ

⇣

f(x)−min
x
0

f(x0)
⌘

<latexit sha1_base64="IuQOsskJ7Xy4E4PCZAk6IbaGFeU="></latexit>

f(x) =
1

2
kAx− bk2

popularized by 

Karimi, Nutini, Schmidt ‘16

Allen-Zhu, Li, and Song, 1811.03962 ’18 and NeurIPS ‘19

<latexit sha1_base64="P4KofuxEJk1yhqrplpnXrieLUP8="></latexit>

fn
<latexit sha1_base64="gen1UnWXxOBFi/HQb4M8H3JLnbY="></latexit>

µ

<latexit sha1_base64="Aq5Vkgfsb5WMIVe3t0j6n0Ohlgw="></latexit>

µ = Ω(1/n2)
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What’s wrong with early-stopping?

30

Train faster, generalize better:

Stability of stochastic gradient descent

Moritz Hardt∗ Benjamin Recht† Yoram Singer‡

February 9, 2016

2016
“In a nutshell, our results establish that: 

    Any model trained with stochastic gradient method 

    in a reasonable amount of time attains small 

    generalization error.” 
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What’s wrong with early-stopping?
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Train faster, generalize better:

Stability of stochastic gradient descent

Moritz Hardt∗ Benjamin Recht† Yoram Singer‡

February 9, 2016

UNDERSTANDING DEEP LEARNING REQUIRES RE-

THINKING GENERALIZATION

Chiyuan Zhang∗

Massachusetts Institute of Technology
chiyuan@mit.edu

Samy Bengio
Google Brain
bengio@google.com

Moritz Hardt
Google Brain
mrtz@google.com

Benjamin Recht†

University of California, Berkeley
brecht@berkeley.edu

Oriol Vinyals
Google DeepMind
vinyals@google.com

2016

2017

2021

“In a nutshell, our results establish that: 

    Any model trained with stochastic gradient method 

    in a reasonable amount of time attains small 

    generalization error.” 

“Even optimization on random labels 

remains easy. In fact, training time 

increases only by a small constant factor 

compared with training on the true labels”

Understanding Deep Learning 
(Still) Requires Rethinking 
Generalization
By Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals

DOI:10.1145/3446776

MARCH 2021  |   VOL.  64  |   NO.  3  |   COMMUNICATIONS OF THE ACM  

Math wasn’t wrong… but perhaps not that useful:
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Their experiment

32

Take the CIFAR10 dataset

10 possible labels, n=60000, 32x32 images

automobile        frog

Now corrupt the data: 

For each datapoint, give it a  

random label

It’s still possible to have 0 training error 

… but cannot beat 10% testing error

image credit: https://paperswithcode.com/dataset/cifar-10

Learning Multiple Layers of Features from Tiny Images, Alex Krizhevsky, ‘09

https://www.cs.toronto.edu/~kriz/learning-features-2009-TR.pdf
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Results: test accuracy

33

Train on CIFAR10 with Inception or AlexNet: 

• normal labels 

• 75-90% test accuracy 

• random labels 

• 10% test accuracy 

• No learning is possible: test accuracy is 

no better than random guessing

∼

F

σ σ ∈

L   ∈H

 H
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0.3
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e
rr
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n label corruption

So far, this is not surprising

figure credit: Zhang et al. 2017

10% test accuracy

(1
-a

cc
u
ra

cy
)
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Results: training accuracy

34(a) learning curves

Both normal labels and random labels have 100% training accuracy

…and for the random labels, 

convergence is still pretty 

quick (maybe 3x slower) 

No useful stability bound for SGD 

at 15k steps is possible, since we 

know learning isn’t possible for 

random labels 

… but this means no useful 

bounds for true labels either.

figure credit: Zhang et al. 2017
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So then what?

35

Definition Uniformly Stable in Expectation* 

A randomized algorithm       is       -uniformly stable if for all datasets   and    (both of size n) 

that differ in at most one example,

<latexit sha1_base64="36EadA6tSOZWSf0LjeiFb0A+m3s="></latexit>

ALGO
<latexit sha1_base64="GFacprAX88FKDcgocm1/aOPqzuk="></latexit>

εstab

<latexit sha1_base64="NCQD3UjepMvgo4N4+/hn062j9TI="></latexit>

S
<latexit sha1_base64="0XmYvm9USYflGwVEZpSo3LJVQsQ="></latexit>

S
0

<latexit sha1_base64="SgCyRepTtKhZcSheK1JCjzb2zgU="></latexit>

sup
s2S

EALGO [`(x, s)− `(x0, s)] ≤ "stab, x = ALGO(S), x0 = ALGO(S0)

Possible fix #1: use a relaxed (non-uniform) notion of stability 

Possible fix #2: take another approach (not using stability) 

Possible fix #3: change what we mean by “algorithm” and “early stopping”

It wasn’t just that their early-stopping analysis wasn’t tight
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Conclusion

36

High-probability results are nice to have 

SGD naturally has high-probability results, no need to do probability amplification 

Assumptions are tricky but important (need to avoid vacuous results!) 

SGD with early stopping will allow you to generalize 

… but current theory is not sharp enough to be useful 

Improved analysis is ongoing

Thanks for listening
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Numerics

37

10−2 10−1

Failure probability δ

0.0125

0.0130

0.0135

0.0140

0.0145

0.0150

(1
−
δ
)-
p
er
ce
n
ti
le
er
ro
r

post-processing iterate

last iterate

log(δ−1) best fit, post-proc

log(δ−1) best fit, last iter

Neural net (2 hidden layers) example

Is the error actually dependent on         ?
<latexit sha1_base64="0UK0o/Zhj363HhXkcQmKcw8fM7Q="></latexit>

log(δ)
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Detail: post-processing

38

<latexit sha1_base64="wvkb5MPlnwrhaPjNBVWWFZkuN3o="></latexit>

min
t∈[T ]

krf(xt)k
2For a stochastic problem, it can be expensive or impossible to compute 

(note: for convex problems, this is not an issue since we can use Jensen’s inequality)

issue 2
issue 1
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Detail: post-processing, 1
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<latexit sha1_base64="wvkb5MPlnwrhaPjNBVWWFZkuN3o="></latexit>

min
t∈[T ]

krf(xt)k
2For a stochastic problem, it can be expensive or impossible to compute 

(note: for convex problems, this is not an issue since we can use Jensen’s inequality)

Solution: sampling. Use standard concentration inequalities (Hoeffding, etc.) under various 

assumptions; all samples are iid, so classical analysis.

issue 2
issue 1

<latexit sha1_base64="e5O5nwpJSU2H4hyoKAwTkSPBs1c="></latexit>

f(x) =
1

n

nX

i=1

`(x, si) ≈
1

b

bX

j=1

`(x, si(j))
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Detail: post-processing, 2

40

<latexit sha1_base64="wvkb5MPlnwrhaPjNBVWWFZkuN3o="></latexit>

min
t∈[T ]

krf(xt)k
2For a stochastic problem, it can be expensive or impossible to compute 

(note: for convex problems, this is not an issue since we can use Jensen’s inequality)

Solution: sampling again!  We extend a variant of a trick used by Ghadimi and Lan ‘13

<latexit sha1_base64="wLyL96Aoubrh74UV+BViJeCizv4="></latexit>

| {z }

(this is the core quantity bounded  

in the easier theorem)

issue 2
issue 1

[5] Saeed Ghadimi and Guanghui Lan, Stochastic first-and zeroth-order methods for nonconvex stochastic

programming, SIAM Journal on Optimization 23 (2013), no. 4, 2341–2368.

Proposition [Corollary of Lemma 33 in Madden, Dall’Anese, B. ’21]
<latexit sha1_base64="oG0wxe5CZuhGP10hyrAiX2rL118="></latexit>

If we sample a set S of nind indices in [T ] choosing t w.p. / 1/
p
t

independently with replacement, then (8✏ > 0)

P

✓

min
t∈S

krf(xt)k2 > exp(1)✏

◆

 exp(−nind)+P

 

1p
T

T
X

t=1

1p
t
krf(xt)k2 > ✏

!


