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Introduction

Convex differentiable optimization

e H real Hilbert space, (x,x) = ||x]|2.
e f:H — R convex differentiable, S = argminy f # 0.

(P) min{f(x): x € H}.

Objective: develop fast first-order algorithms to solve (P)
o xit1 € xo+span{Vf(xp),VF(x1),...,VFf(xk)}.

e Improve Nesterov accelerated gradient method.

Method: link between algorithms and dynamical systems
e Damped inertial dynamics. Lyapunov analysis.
e High resolution ODE’s.

e Time scaling and averaging method.
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Nesterov method (1983), Vf L-Lipschitz.

Yo = x4+ (1—32) (x5 — xk—1)
X1 = Yk —1VF(yk)

: 2Ldist(xp, S)? 1
— L —==7 7 = — |-
f(xx) min f< (k+1) O 2

Optimal order for first-order methods: Nemirovsky-Yudin (1983).
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Su-Boyd-Candes dynamic version of Nesterov method

(AVD),  X(t) + %)’((t) + VF(x(t)) = 0.

@ o =3: Su-Boyd-Candes (NIPS 2014), link with Nesterov
1
f(x(t)) —minf =0 (= | ast— +oo.
() - minf =0 ()
@ a > 3: A.-Chbani-Peypouquet-Redont (Math. Prog. 2018)

1
f(x(t)) — m?_i[n f=o (§> , X(t) = Xo0 € S as t — +00.
@ « < 3: Apidopoulos-Aujol-Dossal (SIOPT 2018),
A .-Chbani-Riahi (ESAIM COCV 2019)
1
f(x(t)) — m?i[n f=0 (—) as t — +o00.

2a

t3
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Introducing geometric damping driven by the Hessian

x(t) + %)'((t) + BV2F(x(£))x(t) + b(t)VF(x(t)) = 0.

-~

-~

damping force driving force

—x(t) : accelerated gradient method of Nesterov;
Damping: t

BV2f(x(t))x(t) : neutralization of oscillations.

Provide a better dynamic interpretation of Nesterov method than
Su-Boyd-Candes (high resolution ODE versus low resolution ODE).

Allows to develop new first-order optimization algorithms
numerically improving Nesterov.
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Hessian driven damping neutralizes oscillations

o f(x1,x) = %(Xl2 +1000x2): ill-conditioned.

e =31 =1

@ Initial conditions: (x1(1),x2(1)) = (1,1), (*1(1),%2(1)) = (0, 0).

Blue: without Hessian damping, Red: with Hessian damping

— (AV"D),,
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Hessian driven damping gives first-order algorithms

K(t) + %k(t) + BV2F(x(£))x(t) + b(£)VF(x(t)) = 0. J
V2f(x(t))x(t) = %Vf(x(t)) — first-order algorithms.

(IGAHD) algorithm (ACFR, Math. Prog. 2020)

Vi =xk+ (1= %) (% — xk—1) — BVS (VF(xx) — VF(xx-1)) = 2LV (1)
Xkr1 = Yk — SV F(yk)-

<

Convergence rates. Vf L-Lipschitz, « >3, 0< < 2/s, sL<1.
i) f(x) —miny f =0 (%) as k — +oo;
i) S KPIVF(xk)|? < +o00 and >, K2V F(yi)|]? < +oc.
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Introducing the Hessian damping from different perspectives.

Lyapunov analysis of dynamics/algorithms with Hessian damping.
Ravine method. Link with Nesterov method.

Accelerated dynamics via time scale and averaging methods.
From gradient flows to doubly nonlinear evolution systems.

Fast optimization via vanishing Tikhonov regularization.

© © 6 6 06 © ©

Stochastic gradient dynamics.
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1. THE HESSTAN-DRIVEN DAMPING:
DIFFERENT PERSPECTIVES

Based on:
o A.-Chbani-Fadili-Riahi (Math. Prog. 2022), arXiv:1907.10536v1
e A.-Fadili (SIOPT 2022), arXiv:2201.11643v2
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Hessian driven damping from different perspectives

High resolution ODE of the Nesterov accelerated gradient method.

Geometric damping adapted to the function to be minimized.
e Levenberg-Marquard regularization of the Newton method.

e Nonsmooth aspects. Damped shocks in mechanics.

Strong damping in PDE’s, control theory.
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1.1 High resolution ODE of Nesterov gradient method

e High resolution method: extensively used in fluid mechanics
(physical phenomena occur at multiple scales).

o Idea: not let h — 0. Take into account the terms of order h = /s
in the Taylor expansions. Discard the higher order terms.

@ The Hessian-driven damping appears in the associated continuous
inertial ODE.

Theorem (A.-Fadili, SIOPT, 2022), (Shi-Du-Jordan-Su, Math. Prog., 2021)

Assume that f is C2. The high resolution ODE with temporal step size
\V/s of Nesterov accelerated gradient method gives the inertial dynamic

X(t) + %X(t) +VEVRA(X ()X (t) + <1 LS

o ) VF(X(t)) = 0.
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High resolution ODE of Nesterov gradient method

Write (NAG) equivalently as
Xk+1 = Xk + (1 — %) (Xk — kal) - SVf(Xk + (1 — %) (Xk — kal))'
With s = h?, this is equivalent to

Xkl — 2Xk + Xk—1 | O Xk — Xk—1 _
- + B L f (g =0 (1)J

e Ansatz: x, = X(tx) for some smooth curve t — X(t), tx = h(k + ¢).
e Taylor expansion / h ~ 0:

Moo = Xt = X(8) + hX(t4) + 5 X (0) + +éh3>'<'<rk) +O(H) (2

Xg_1 = X(tkfl) = X( ) hX(tk) + = h2 (tk) — *h3X(tk) + O(h4) (3)
By adding (2) and (3), we obtain

Xk41 — 2Xk + Xk—1
12

= )"((tk) + O(h2).
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High resolution ODE of Nesterov gradient method

Moreover, (3) gives
— Xk— . 1 -
M = X(tk) — EhX(tk) + O(h2)
We also have
Vf(y) = Vf (xk +h (1 _ %) Xk—th—1>
o . 1 . R

(t) + O(H?))

2F(X ()X (1) + O(h?).

k
Ak
@]
v

«

X+, (X(tk) - %h)"((tk)> +VFX(8))+h (1= 5 ) VAX ()X (8)+O(K) = 0.
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High resolution ODE of Nesterov gradient method

Equivalently,

(1 ) K8+ - X(8) + VX (8) + h (1= 5 ) VAX ()X (8) + O(H) = 0.

Dividing by (1 — %) gives

X(te) + M%%)X(tk) + (1 + 2h(£3‘)> VF(X(t))
+h (1 -7 _% a) V(X (t))X(tx) + O(h?) = 0.

Set ¢ = —% and thus tx = h(k — §). We obtain

() + 2 X(0) + (14 52) VAX(8)) + h (1= ) V2A(X(8))X(8) + O(H) = 0. J

Then neglect the term of order s = h?, and keep terms of order h = /s.
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Implicit Hessian driven damping

Start from (1): ~ MH=24FXe1 | a X1 | gf(y,) =0,
Similar Taylor expansions, but without developping the gradient, give

X(t) + h(%%)X(tkH h(kkfg)w (x(8)+ b (1= 3) X(2) +0(?) = 0.

Set tx = h(k — 5). We obtain successively

X(tx) + %X(tk) bt ahw (X(tk) +h ( o ihah> X(tk)> +0O(h?) =

X(tx) + %X(tk) + (1 + 2k> w( (t) + hX(tk)) +0(h?) =0

Then neglect the term of order s = h?, and keep terms of order h = /s

Implicit Hessian (Alesca-Laszlo-Pinta, AMO 2020)

X(t) + %X(t) - <1 + az—\f> W(X(t) + ﬁX(t)) =

(Univ. Montpellier)
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Continuous versus discrete dynamic

Accelerated gradient algorithms: Nesterov, Ravine, IGAHD... J

(high resolution ODE) l T (temporal discretization)

High resolution ODE’s, 6 € [0, 1] parameter

X(t) + %X(t) +6 (\/§V2f(X(t))X(t) - (1 + %) Vf(X(t)))

2t
ay/s
2

(1 —0) <1 e ) Vf(X(t) + \/EX(t)) —0.
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1.2 Hessian damping is adapted to the geometry of f

Mass-spring system: x(t) + 8x(t) + ux(t) = 0.

e underdamping: 3 < 2,/p, overdamping: 3 > 2,/u.

e critical damping: 8 = 2,/i —» optimal rate |x(t)| < Ce™VHt,

’ Damped Harmonic Oscillator

i~

2le

-

anenifn

e

amplitude

over-damped
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Polyak versus Nesterov methods / Combine them

Polyak is good for strongly convex functions

f:H — R p-strongly convex: f(x) := g(x) + 5||x||? with g convex.

x(t) +2/px(t) + VF(x(t)) = 0.
o f(x(t)) — ming f = O (e7VF*) as t — +oo.

e = Nesterov provides convergence rate O (%)
t 3

Nesterov is good for general convex functions

x(t) + %X(t) + VF(x(t)) = 0.

o F(x(8)) = miny f = O (1

t2> as t = +o0o (when a > 3).

e + Polyak provides convergence rate O (%)
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Historical aspects

Hessian driven damping: clever geometric adaptive damping
e (HBF)  X(t)+ Ix(t)+ Vf(x(t))=0.
I: H — H anisotropic, Alvarez (SICON 2000).
o (DIN), x(t) 4+ yx(t) + BV2F(x(t))x(t) + VF(x(t)) = 0.
Alvarez-A .-Bolte-Redont (JMPA 2002), A.-Maingé-Redont (DEA 2012).
o (DIN — AVD),, 5 X(t) + $X(t) + BV>f(x(t))x(t) + VF(x(t)) = 0.
A .-Peypouquet-Redont (JDE ’16), A.-Chbani-Fadili-Riahi (Math Prog ’20)
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1.3 Regularization of Newton method

Newton method: f convex, C?, solve Vf(x) =0
Discrete: Vf(xx) + V2f(xk)(xk+1 — xx) = 0.
Continuous: V2f(x(t))x(t) + VF(x(t)) = 0.

Levenberg-Marquardt regularization, (A.-Svaiter, SICON, 2011)

A(0)x(t) + V2F(x(£))x(t) + VF(x(t)) = 0.

Valid with a general maximally monotone operator, closed-loop form.

v

Dynamic Inertial Newton method

(DIN)  x(t) +y(t)x(t) + BVZF(x(t))x(t) + VF(x(t)) = 0.
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1.4 Nonsmooth aspects. Damped shocks in mechanics.

Alvarez-A.-Bolte-Redont (JMPA 2002), A.-Peypouquet-Redont (JDE 2016)
x(t) + %)’((t) + BV2F(x(£))x(t) + VF(x(t)) = 0.

)

0 - (3-2+%)x(0+ hvn =0

e Nonsmooth: f: H — RU {400} nonsmooth, (non) convex, proper.
Damped shocks in mechanics: A.-Maingé-Redont (DEA 2012).
The normal component of the velocity is killed during a shock.

e Numerical applications (temporal discretization):
Castera-Bolte-Févotte-Pauwels (Deep Learning) (JMLR 2021).

H. ATTOUCH (Univ. Montpellier) Hessian driven damping



1.5 Wave equation with strong damping

Damped wave equation, v : (x,t) € Q x [0, +oc0[— R

(o, o
R T
u(0,x) = up(x) xe€Q
LX) =m(x) x€Q
50X} = t(x) X

L= A)(’(— —Au=0 xeQt>0;

u(x,t)=0 x€0Q,t>0.

\

e Dirichlet energy f(u / |V u(x)|?dx on Sobolev space H3(R).

o Fractional powers of the Laplacian (—A)?, 6 € [3,1].
0= % critical case; 8 = 1 Hessian driven damping.

e Rich litterature related to linear and nonlinear PDE’s.
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2. LYAPUNOV ANALYSIS OF DYNAMICS/ALGORITHMS
WITH HESSIAN-DRIVEN DAMPING

Based on:
o A.-Chbani-Fadili-Riahi (Math. Prog. 2022), arXiv:1907.10536
e A.-Peypouquet-Redont (JDE. 2016), arXiv:1601.07113
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Lyapunov analysis, continuous case

(DIN — AVD), 5 X(t) + %k(t) +BVF(x(£)x(t) + VF(x(t)) = 0.

4

Theorem (A.-Peypouquet-Redont, JDE 2016)

Let x : [to, +oo[— H be a solution trajectory of (DIN — AVD),, 5.
Suppose that « >3, (> 0. Then, as t - +0o0
t2

o F(x(t)) —minf = o (1)

+o0o
./ 2|V F(x(8))|[2dt < +oo.

to

o x(t) = Xoo € argminyf.
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(DIN — AVD),, ; X(t) + %k(t) + BVEF(x(1)x(t) + VF(x(t)) = 0.

v

Lyapunov function

Ea,p(t) = t(t=B) (F(x(£) = F(x)) + 53 [I(e = 1)(x(t) =x") + £ (x(£) + BVF(x(0)) |*. |

Derivation of &, s(-)

Eap(t)+ ((a = 3)t = Bla—2)) (F(x(1)) — F(x*)) + Be(t = B)IVF(x()|12 < .

ea>3 t>t =092 = E£,45(t)<0 de &,p() decreasing.

B ga i ]'
= F(x(t)) —miny f < 22 — 0 <t2>

e >0, integration — / t2||VF(x(t))||2dt < +oo.
to
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(IGAHD): Inertial gradient algorithm with Hessian damping

A .-Chbani-Fadili-Riahi (Math. Prog. 2020), (ACFR) for short
f:H — R convex, Vf L-Lipschitz continuous.

Temporal rescaling of (DIN-AVD),, ; (see high resolution ODE)

x(t) + %)’((t) + BV (x(t))x(t) + (1 + g) Vf(x(t)) =

Temporal discretization: s = h?, V2f(x(t))x(t) = LV (x(t)).

;(Xk—f—l — 2xk + xk—1) + %(Xk — Xk—1) + \Bf(Vf(Xk) Vi (xk-1))

+WVf(Xk_1) + Vf(yk) =0.
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%(Xk—&—l — 2x + Xk—l) + %(Xk = Xk_1) TF %(Vf(xk) = Vf(Xk_l))
+WVf(Xk—1) + Vf(y) = 0.

Choose yx ~ Nesterov’s accelerated gradient method, set ay =1 — ¢.

(IGAHD): Inertial Gradient Algorithm with Hessian Damping

Yk = Xk + ak(xk = Xk,1) = ,Bﬁ(Vf(Xk) = Vf(kal)) ﬁ\[Vf(Xk 1)

Xk41 = Yk — SV (yx)-

Related algorithm: Shi-Du-Jordan-Su (Math. Prog. 2021).
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Lyapunov analysis, x* € argminyf, t; = “—.
Ex = R (F(xi) — F(<*) + 25 lvi®

Vi = (X1 — X*) + (Xk — Xk—1 T+ ﬁ\/gi(kal))

Theorem (ACFR, 2019)

o f:H — R convexr, Vf L-Lipschitz continuous, argminyf # ().
e >3 0<f<2ys,sL<1.
(xk)ken generated by (IGAHD). Then (Ek)ken is non-increasing and

i) f(xk) — mr}_ilnf =0 (k12> ask — 4o00;

i)Y KIVAy)IP < 400 and > K| V(x> < +oo.
k k
i) If o > 3, then (xx) converges weakly to some x* € argminyf.
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Reinforced version of the gradient descent lemma, f convex, s < %

Fly—sVE(y)) < FO)H(VE(y),y —x)=3IVFW)IP =51V () -VE(y)]%.

Write it successively at y = yx and x = xi, then at y = y,, x = x*.
f(xr1) < FOa) + (VE(yie) yie = xic) — %HVf(Yk)Hz - %HVf(Xk) - v’r()//<)||2
F(xer1) < FO) + (TF ()= x7) = ZIVF0IE = IVl

Linear combination of the two above equations gives
tera (FOk1) = F(X)) < (8241 — tin — 8)(FOx) — F(X7)) + 8 (F () — F(x7))
e (VA (B = D0k = %) + 3 = ) = 2t VA
5 (= 5)|VF() = VAP = S el VAP
Since o« > 3 we have tk+1 — tkr1 — tk <0...

29 /79

Hessian driven damping

H. ATTOUCH (Univ. Montpellier)



Numerical experiments

Regularized Least Square (signal/ image, machine learning, statistics)

(RLS) Xrgin {f(x) = %HAX — b|I2 + g(x)}

RN

e A linear operator from R"” to R™, m < n, b € R™.

e g:R" - RU{+400} Isc. convex: regularizer.

Work with the metric ||x||3, = (Mx, x), where M = \71] — A*A.

0 < A||A||? < 1 = M is symmetric positive definite.
Apply (IGAHD) to fM: Moreau envelope of f in the metric M
FM(x) == mingern { £(€) + 3lIx —€[I34} -
fM is convex C'; VFM (in the metric M) is 1-Lipschitz, and

VM(x) = x — prox,, (x — AA*(Ax — b))
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(IGAHD) for (RLS)
Initialize: xg € R", x; € R”
Zk = Xk — ProxXyg(xk — AA*(Axk — b));
Yk =Xk + (1= §)(xx — xk—1) — Bv/S(zk — zk-1) — B\kﬁzk;

Xkr1 = Yk — 5 (Y& — Proxyg(yk — AMA*(Ayk — b))) .

Theorem (ACFR, 2019)
Assumptions: 0 < A|A|3 <1, a>3,0<8<2y/s,s<1.
Let (xk) be generated by (IGAHD) for (RLS). Then,

f(proxM(xx)) — miny f = O(k=2), >, K2||VF(xx)|* < +o0,

where proxy!(xi) 1= prox,, (xk — AA*(Axi — b)).
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Lasso:
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Group Lasso:
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TV (total variation):
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Nuclear norm:
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3. RAVINE METHOD.
LINK WITH NESTEROV METHOD.

Based on:
e A.-Fadili (SIOPT 2022), arXiv:2201.11643v2
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Ravine method. Link with Nesterov method

In Nesterov accelerated gradient, (yyx) follows the Ravine method.

e = xk+(1—=%) Ok — xk-1)

(NAG).
= yk —sVf(yk)

Xk+1

Yit1 = Xi1 + (1 - k%l) (Xk+1 — xk)
=Yk —sVFf(yk) + (1 - k%l) (Yk = sVF(yi) = (k-1 — 5Vf()’k—l))>~

wk = yk—sVI(yk)

(Ravine),
= Wwg+ (1 = ﬁ) (Wk = Wk_]_).

Yk+1

Hessian driven damping

(Univ. Montpellier)
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Geometric view of the Ravine method

Gelfand, Tsetlin (1961), Nesterov (1983), Polyak (2018).
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Link with the Nesterov method

Conversely, if (yx) follows the Ravine method, i.e.

wk = yk—sViI(yk)

(Ravine),
Yk+1 = Wi+ (1 = I%i—l) (Wk — wi—1).

then, (xx) defined by xkt1 = ykx — sV (yk) follows (NAG),:
Yir1 = Yk — sV (yk) + (1 - ﬁ) (}’k —sVF(yi) = (V-1 — 5Vf()/k-1)))
= Xk+1+ (1 - ﬁ) (X1 — xk) -
Ye=xk+ (1= %) (xk — xk—1)

(NAG),
Xk+1 = Yk — SV (yk)-

39 /79
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Low resolution EDO of the Ravine method

Equivalent forms of Ravine
Y1 = yk — sVF(yk) + (1 - k%l) (}/k —sVF(yk) = (Yk-1 — SVf(Yk—l)))
yirr =yt (1= 225) (r=yi) =sVFR) =5 (1= 331 (VA0 = V(o))

(V1 — yk) = (Yk — Yk—1) a Yk — Y1

2 tarr n TV

+(1 = E7)(VF(yk) — VE(yk-1)) = 0.

Ansatz y, =~ Y(kh)

Set k = t/h As h— 0, Y(t) ~ yt/h = Yk, Y(t + h) ~ y(t+h)/h = Yk+1- Taylor
expansion of Y(t) at t gives

Y(t) + 2Y(t) + VF(Y(t)) + o(1) = 0.
Letting h — 0 gives that Y(-) is a solution trajectory of (AVD),

Y(t) + 2Y(t) + VF(Y(t) = 0.
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High resolution EDO of the Ravine method

o Yk = Yk—1 +vf(yk)+(1_L)(Vf(yk)—Vf(Yk—l)) =0.

(Va1 — Y) — (W — Ye—1) n
kh+ h h k+1

h2
tx = kh. Y(tk) = yx. Don’t let h — 0. Taylor expansion gives

Theorem (Shi-Du-Jordan-Su, Math. Prog. 2021)
The high resolution ODE with temporal step size \/s of Ravine

Wik = Yk —sVTF(yk
(Ravine),, ()
Ykl = wk+ (1 - ﬁ) (Wk — wk-1),,

gives the inertial dynamic with Hessian driven damping

0)+ 230+ VAV aNie) + (1+ 52 ) Vrly(©) =o.

Hessian driven damping
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Convergence rates of the Ravine method

Theorem (ACFR, SDJS)

Let f : H — R be a C' convex function such that Vf is L-Lipschitz
continuous, and S = argminf # (). Let (yx) be a solution trajectory of
the Ravine method with o > 3, and sL < 1. Let (xx) the associated
trajectory generated by (NAG),. Then, as k — 400

1
f(yk)—mln;«.{f—o<k2> Sk K2V (i) |? < +oo.

ow—limy,=w—limx,=z¢€S.

e Convex inequality and —%(Xk+]_ — yk) = Vf(yk) give

Fyk) — ming £ < F(xi) — mingg £+ (i1 — yie, Xk — Yk)
< F(x) — mingg £+ L ([Ixig = xill + Ixe = xi—1 ) [[xic = xe—1 -

Then conclude thanks to f(xx) — miny f = o ( ) Ik — k-1l = o (%).

o |lyk — xkll < [Ixk — xk—1] — 0.
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Nesterov method versus Ravine method

Dual structure

o Nesterov: Extrapolation step, then Gradient step.

o Ravine: Gradient step, then Extrapolation step

Similar low and high resolution ODE

o X(t)+Ix(e) + VAX(D) =0, (1) + Ty(e) + VA(y(8) = 0.

e High resolution of Nesterov and Ravine — Hessian damping.

Similar asymptotic convergence rates

: 1 _ 1
o f(xk)—mme:o<ﬁ),f(yk)—mlan:o 2

o S RIVF(xi)l? < +oo, S KIVE(yi)l? < +oo.

(IGADH) performs numerically better than Nesterov! (# discretizations)
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4. ACCELERATED DYNAMICS AND
ALGORITHMS VIA TIME SCALE AND
AVERAGING METHODS

Based on:
A .-Bot-Nguyen, arXiv:2208.08260

H. ATTOUCH (Univ. Montpellier)



Time scaling of the steepest descent

Change of time variable t = 7(s) in the dynamic (SD)
(SD)  z(t) + Vf(z(t)) =0
e 7(:) : Rt to R*, increasing, class C!, lims_, o0 7(s) = +00.

o y(s) = 2(r(s)).

y(s) = 7(s)z(7(s))
z(7(s)) + Vf(z(7(s))) = 0.
According to (5) and (6), we obtain
y(s) +7(s)VFf(y(s)) =0.

The convergence rate becomes

F(y(s)) ~inf f = o <(1)> a5 5 = 400,
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Let us attach to y(-) the new function x : [sp, +00[— H defined by

. 1 B
K(5) + 5755 (x(5) ~ ¥(s) =0, <9>J

with x(sp) = xp given in H. Equivalently
y(s) = x(s) + 7(s)x(s). (10)
By temporal derivation of (10) we get
y(s) = 7(s)x(s) + (1 + 7(s))x(s). (11)
Replacing y(s) as given by (11) in (7) we get

o) 2 —:(7;;5))'((5) + VF(x(s) + 7(5)x(s)) = 0. (12)J
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Link with Nesterov method

According to the Su-Boyd-Candés model for Nesterov method, take

1+ 7(s) o«
7(s) s

)

which gives 7(s) = 2(57271) Equations (12) become

Inertial System with Implicit Hessian Damping

%(s) + %k(s) +VFf <x(s) - - 1>'<(s)> — 0. (13)

and we have the convergence rate, as s — +00

We will show that this convergence rate is inherited by x(-).
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Fast convergence rate

Theorem (ABN, Arxiv 2022)

Let f : H — R be a convex C* function, whose gradient is Lipschitz
continuous on the bounded sets, and such that S = argmin f # ().
Suppose that o > 3. Let x : [sp, +00[— H be a solution trajectory of

X(s) + %X(s) +VFf <x(s) = - 1>'<(s)> —0.

2
ds < +o0;

Then the following convergence properties are satisfied:
C iee
o VA< [ s
S

@ f(x(s)) —infuf=o (512>
O vf (x(s) - > 15((5))

@ x(s) converges weakly as s — +o0, and its limit belongs to S.
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From the convergence properties of the steepest descent,

. Eo(t)
f(z(t)) —inff = —=
(=(8)) ~inf £ = =
for a positive function €g(+) such that lim¢ 4o €o(t) =0 as t — +oo.

From the definition of y(s) := z(7(s)) we get

(s i F = 5. (14)

with (s) = eo(7(s)). According to 7(s) = 5 s2

Tl)’ we get

Fly(s) —inff =o <512> . (15)

Let us show that (15) is inherited by x(-). This will result from
interpreting going from y to x as an averaging process.

H. ATTOUCH (Univ. Montpellier) Hessian driven damping



For simplicity, suppose that x(sp) = y(so). By definition (9) of x

55(5) + (o — x(s) = (& — 1)y(s). (16)
After multiplication of (16) by s®~2, and integrating we get
a—1

x(s) = Zi_ly(SO)Jria__ll /Suo‘_2y(u)du. (17)

S0

Averaging process
x(s) = [ vlw)dulw) (18)
s

where (s is the probability measure on [s, s]

561—1 ua—2
s = safl(;so +(a—1) g du.
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Jensen’s inequality, f convex

f(x(s)) ~inff = (F—inff) </sy(u)d,us(u))

S0

/ (o) g ) st
< L/SEUOdMAU)

s 7(Y)

IN

Let us explicit the last above integral. We get, for all s > s

f(x(s)) — i%f f < 2a-1) /: gl(lg)d,us(u)

N
N
—~
Q
|
[
~
Omg
w
o
—~
&
~
=
_l_
N
—~~
Q
|
—
~—
N
\m
m
—~
=
N—r
<
1
i
Q.
<

Equivalently
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S2(f (x(s)) — i%f f)<2(a-— 1)58‘*35(50)s ! + 2o — 1y /s e(u)u™*du.

a—3 sa73 %
Therefore, for a > 3
20 —1)% (¢
limsup s2(f (x(s)) —inff) < limsup (0473) / e(u)u®*du.
s—+o0 H s—+00 sa— %
Then conclude with the help of the following lemma.

Lemma (convergence implies ergodic convergence)

Let a: [sp, +00[— R be a positive real valued function which verifies
lim, 400 a(u) =0. Take o > 1. Then lims_, o0 A(s) = 0, where

A(s) = Sal_l / " a(u)u*2du.

S0
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5. FROM GRADIENT FLOWS TO DOUBLY
NONLINEAR EVOLUTION SYSTEMS

Based on:
Adly-A., September 2022

H. ATTOUCH (Univ. Montpellier)



A doubly nonlinear evolution system with dry friction

Our approach is built on the doubly nonlinear evolution equation

(GSDF)  2(t) + dp(2(t)) + VF(z(t)) > 0 (19)J

Model case: ¢ = dry friction potential (simplified version of Coulomb)
¢(§) = rlill-
We have  9(€) = rpgp if € #0,  96(0) = B(0, r).
Equivalently
2(t) = (I + 0¢) (= VF(z(t)) =0

which gives, with f = general differentiable function

£(t) + V1 (2(t)) ~ proja(o ) (V(2(1)) = 0. (20) |

If r =0 (no dry friction) — Gradient flow.
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A doubly nonlinear evolution system with dry friction

Theorem
Let z : [ty, +o0[— H be a global solution trajectory of (GSDF). Then

+oo
i)/‘ 12(8)|2dt < +o0 ;
to

+o0
m/‘uamm<+w
to

iif) z(+) converges strongly as t — +00 to zs with ||[Vf(zx)|| < r.

iv) If ||Vf(zs0)|| < r, then the trajectory stops at zo, after a finite time.

Suppose moreover that f is a convex function. Then

v) t—||z(t)|| and t— dist(VF(z(t)),B(0,r)) are decreasing.

vi) ||z(t)|| = dist(VF(z(t)),B(0,r)) = o <%> as t — +oo.
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Dual view, Riemannian structure, Bregman distance

Dual variable: g(t) := Vf(z(t)).

Riemannian structure associated with the Hessian of f*
According to the Fenchel conjugaison formula, we get

(07 (6(t) + 8(8) ~ projaa,(&(1) 2 0.

When f is smooth,

V2 (g(t))&(t) + g(t) — projo,»(g(t)) = 0.

(21)

Bregman distance
D(g(t), 80) = f*(g0) — F*(&(1)) — (VI*(&(1)), 80 — &(1)) -

t — D(g(t),g~) is decreasing.
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Time scaling and averaging of the dual of (GSDF)

Theorem

Time scale and averaging of the dual formulation of (GSDF)

< (9*((£))) + (1) — prois,(&(1)) 3 0.
Set t =7(s) = yZgy, v(s) = &(7(5)), w(s) + s (w(s) — v(s)) = 0.
The dynamic becomes

Vﬂﬁ<w@y+a%TW@0(W@)+%W@D
+(W(s) +

S . 2
——ir(s)) = projs ) (w(s) +

Convergence rate properties of this dynamic: as s — +00

52

(ﬁﬂVﬂW@»Bwﬁno<l>.

H. ATTOUCH (Univ. Montpellier)

Hessian driven damping



6. FAST OPTIMIZATION VIA VANISHING
TIKHONOV REGULARIZATION

Based on:
A -Bahlag-Chbani-Riahi, JDE 2022, arXiv:2203.05457

H. ATTOUCH (Univ. Montpellier)



Vanishing Tikhonov regularization

Tikhonov’s regularization: f : H — R convex function, € > 0

Then, x — f(x) + §|\XH2 is e-strongly convex.

f: H — R p-strongly convex
x(t) +2/px(t) + VF(x(t)) = 0.
Then, f(x(t)) —miny f =0 (e"VF*) as t — +oo.

Tikhonov’s dynamical regularization: f : H — R convex function

Replace f by ¢; with p¢(x) := f(x) + #HXHQ, e(t) > 0 as t — +oo.

Since ¢ is e(t)-strongly convex, this gives the nonautonomous dynamic

(TRIGS) X(t) + 0v/e(t)x(t) + VF(x(t)) + e(t)x(t) = 0.
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H. ATTOUCH

Fast optimization via vanishing Tikhonov regularization

Take (t) = &

[

Theorem (A.-Bahlag-Chbani-Riahi, JDE 2022)

Take 0 < p <2, &6>0. Let x : [ty, +00o[— H be a solution trajectory of

x(t) + %)’((t) + V£ (x(t)) + tlpx(t) =0.

t2

Then, we have the following convergence rates: as t — 400

F(x(8) ~ minf = O ( 1)

tp

and x(t) converges strongly to the minimum norm solution.

— Fast convergence via vanishing damping coefficient.

(Univ. Montpellier)

Hessian driven damping
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7. AN SDE PERSPECTIVE ON STOCHASTIC
CONVEX OPTIMIZATION

Based on:
A -Fadili-Maulen, arXiv:2207.02750v1 2022

H. ATTOUCH (Univ. Montpellier)



Stochastic continuous gradient method

dX(t) = —VF(X(t))dt + o(t, X(t))dW(t), t>0 J

(SDE) { X(0) = Xo.

o (2, F,{Ft}t>0,P): filtered probability space
e 0: R, x RY — RY*™: diffusion (volatility) matrix
e W: m-dimensional Brownian motion.

Theorem (A.-Fadili-Maulen, arXiv 2022)

Suppose f convex, oo € L2(Ry), 0oo(t) := sup,erd [|0(t, x)||F, then:
@ sup.o E[[[X()[|?] < +oo.
Q Vx* €5, limy oo || X(t) — x*|| exists a.s., sup;>q | X(t)]| < +o0 as.
@ limio [[VF(X(t))]] = 0 a.s. Hence, limioo £(X(t)) = minf a.s.

@ There exists an S-valued random variable x* such that
lim;_o0 X(t) = x* a.s.
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Some open questions concerning Nesterov algorithm

Yo = xk+(1-%) Ok — xk-1)
Xk+1 = Yk —SVF(yk)

e Convergence of the iterates in the critical case o = 37
e Optimal tuning of the parameter o > 3.

e Is is possible to obtain 1/k? rate of convergence with autonomous
dynamic/algorithms? Damping as a closed loop control (velocity,
value...). First results: Lin-Jordan (Arxiv 2019), A.-Bot-Cestnek
(JEMS, 2021), Aujol-Dossal-Labarriere-Rondepierre (2021).

@ Nesterov versus Tikhonov regularization of Polyak heavy ball.
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Some open questions concerning Hessian damping

e Link continuous/discrete dynamics: (IGAHD) and Nesterov have
the same high resolution ODE with Hessian driven damping. Still,
(IGAHD) performs numerically better than Nesterov and FISTA?

e Proximal-gradient methods associated with (RAVINE), (IGAHD).
e Best tuning of the damping coefficients «, .
e Compare explicit and implicit Hessian driven damping.

o Accelerated (ADMM) via time scaling and averaging method.

Restarting method via asymptotic Tikhonov regularization and
Hessian driven damping.

Extension to monotone inclusions. (A.-Laszlo)
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